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ABSTRACT

Khandelwal, Somesh Ph.D., Purdue University, December, 2013. Hybrid And Smart
Topologically Interlocking Materials. Major Professors: Dr. Thomas Siegmund, Dr. Raymond J.
Cipra, School of Mechanical Engineering.

This thesis explores the mechanical properties of a new class of multifunctional architectured
materials, Topologically Interlocking Materials (TIMs). These materials are created as an
assembly of unit elements arranged in an interlocking pattern such that the load transfer between
unit elements occurs by contact only. In the absence of adhesive interaction, the tensile
component of the load is carried by complementary tensile elements in the form of external
constraints or integrated filaments. By virtue of the bottom up design used in creating these
materials, their mechanical properties are influenced by a number of controllable parameters
including shape, confinement force, scale, and, composition. The overall hypothesis is that these
parameters can be advantageously exploited to create a family of materials that fill empty holes in
the material property space. The contributions of this research can be classified into two main
tasks: (1) Experimental exploration of novel TIM designs, and, (2) The development of
mechanics models that explain the deformation and failure of these materials, and hence provide
rules for designing these materials for specific functional requirements.
We hypothesize that TIM assemblies made of cellular unit elements would result in a range of
properties obtained from TIM assemblies, traditionally created using dense unit elements. Drop
tower experiments were performed to characterize the physical properties of TIM assemblies
made of different relative densities. The analysis of the experiments revealed that stiffness,
strength and toughness decreased linearly with relative density. An analytical model based on the
concept of thrust line analysis was developed for the prediction of the observed material behavior.
Model predictions were in agreement with experimental data.
We recognize that TIM assemblies are 2D ordered granular crystals and hence provide the ability
of active control of mechanical properties under the influence of varying confinement force. By
varying the in-plane force, active control of TIM stiffness and energy absorption was

xvii
demonstrated, with specific application towards creating an adaptive energy absorbing material.
The previously developed analytical model was modified by incorporating the ability to actively
control the in-plane force leading to active control of out-of-plane response. Model was able to
reproduce experimentally observed results and was proposed as a means to creating an algorithm
for a smart system design using TIM assemblies.
The thesis subsequently explores the scaling power laws for stiffness, strength and toughness.
Even though the contact dominated mechanics of TIM assemblies is far different from the
bending dominated mechanics of monolithic plates, stiffness of the 2D TIM assemblies was
found to scale similar to the rectangular plates, albeit with lower magnitudes. The strength and
toughness scaling laws were then predicted by using a linearized model. Toughness was seen to
vary positively with both, strength and stiffness, in contrast to the inverse relationship usually
obtained for the engineering materials. These scaling relationships were used to demonstrate
design of materials with specific desired mechanical properties.
Finally, a novel bioinspired design was proposed by combining the concept of tensegrity,
observed in biological structures, and, topological interlocking. The design proposed embedding
the interlocked assembly in a woven net of fiber tows. These fiber tows now held the unit
elements together replacing the previously used rigid frame. The structure showed an initial
nonlinear hardening response until the first failure event followed by regaining of strength before
total loss of load carrying capacity. A previously established analytical model was used to explain
the experimental observations. The model was extended to propose a material with variable
stiffness response, obtained by controlling the stiffness of the fibers in the fiber tow.

1

CHAPTER 1. INTRODUCTION

1.1. Motivation

1.1.1. Advanced Materials

1.1.1.1. Engineering Materials
Modern engineering challenges require materials with properties that combine the advantageous
properties of one or more naturally occurring materials. As an example, materials with high
toughness and strength are desired for space applications. While ceramics, commonly used for
space applications, provide high strength, they are highly brittle. The same inverse relationship
holds for most engineering materials. Thus there exist holes in material property space (Wegst
and Ashby, 2004) that need to be filled. Several strategies have been used to fill the existing holes
in the material property space (Fleck et al., 2010). One approach is that of manipulating chemistry
by developing new alloys, ceramics and polymers. A second is that of manipulating
microstructure by controlling the distribution of phases and defects within materials. A third
approach is that of controlling architecture to create hybrid materials, combinations of materials
or of material and space in configurations and with connectivities that offer enhanced
performance. It has been found that the material properties of hybrids depend on composition,
shape and scale, which can be exploited to design new materials with different properties (Ashby
and Brechet, 2003). Hybrids come in many forms: composites, sandwich structures, foams and
lattice structures, segmented structures and more. A formal definition of hybrid materials was
given by Ashby (2005): “A hybrid material is a combination of two or more materials in a
predetermined configuration, relative volume and scale, optimally serving a specific engineering
purpose” which can be paraphrased as “A + B + configuration + scale”.
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1.1.1.2. Bioinspired Materials
Bioinspiration is a process by which advanced materials (or structures), with properties not
obtained in engineering materials such as metals or plastics, are created by incorporating the
principles by which a certain biological material is seen to achieve a desired function. Utilizing
the understanding of the advantageous properties of biological materials (Meyers et al., 2008;
2011) , and, the availability of scientific tools that help researchers create structures from the
bottom up at multiple scales, one of the new techniques that is increasingly being adopted to
create advanced multifunctional materials is that of using bio-inspiration or biomimetics
(Vincent, 2008). Using biomimicry, many interesting inventions have been made such as Velcro,
wall climbing robots, hydrophobic fabric and self-cleaning buildings to name a recent few (Liu
and Jiang, 2011). Specifically, several attempts have been made to imitate the high specific
strength and toughness properties of biological materials. A prime example is nacre, which
consists of 95 vol. % of layered aragonite (CaCO3) platelets bonded by a thin layer of organic
material, yet exhibits a toughness (in energy terms) some three orders of magnitude higher than
that of calcium carbonate (Meyers et al., 2008). The hard aragonite provides strength, but without
a means to dissipate strain, nacre would be brittle (Wang et al., 2001). Barthelat et al. (2007)
attributed interlocking between the tablets to be the key feature responsible for the high toughness
of these materials. Attempts have been made to create nacre-like synthetic materials by
incorporating such physical features. Barthelat et al. (2010) and Barthelat and Zhu (2011)
proposed a biomimetic material with variable material properties with elements arranged in an
interlocking manner similar to those observed in nacre. As another example relevant to the
current thesis, biomimetic armor has been proposed (Yang et al., 2013) imitating the flexible yet
strong and tough dermal armor found on creatures such as the armadillos, alligators and
leatherback turtles. The key feature responsible for the advantageous properties of these natural
armor is segmentation and the interlocking arrangment of components over multiple length scales
and hierarchies.
This thesis investigates the design of bio-inspired engineering materials, created primarily
through segmentation and assembly, that could replicate such natural structures, and, interrogates
the resulting material in regards to its mechanical properties.
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1.1.2. Advanced Material Systems
In the discussion on advanced materials so far multiple design strategies, such as segmentation
and assembly, and, cellular materials, have been mentioned as means to filling the material
property space. A further discussion of these and other techniques used in the current research is
now presented.

1.1.2.1. Segmentation And Assembly
A glass window hit by a projectile will shatter. One made of small glass bricks will lose only a
brick or two, but will not shatter completely. By sub-dividing and separating the material, a crack
in one segment does not propagate into its neighbors allowing local but not global failure. This is
the principle of toughening by fragmentation. This concept has been used in construction of
buildings for thousands of years where walls made of stone, a brittle material, survive
earthquakes and impacts from projectiles through their ability to deform locally but without
catastrophic failure. Artificial materials are not the only place where this concept of segmentation
has been applied. In fact, it has been found that segmentation forms the very basis of strength and
toughness of a large variety of natural materials (Mayer, 2005; Meyers et al., 2008; 2011). A few
examples in biological organisms include fish scales (Liu et al., 2010; Zhu et al., 2011), spinal
column in vertebrates (Levin, 2002), sea turtles (Krauss et al., 2009) and arthropods (Budd,
2001). Such a segmented structure gives these creatures flexibility, toughness, light weight and
ability to locomotion increasing their survivability under their functional and habitat
requirements.
Segmentation as a material design strategy is, however, incomplete by itself. This is because the
above mentioned advantageous properties in segmented structures, specifically the biological
structures, are obtained as a result of element arrangement and assembly. Nature builds materials
from the bottom up, one atom, one molecule at a time (Zhang, 2003). These materials include
inorganic minerals, crystals, clays, inorganic/organic composite seashells, pearls, bone and teeth,
wood, silk, horn, collagen, and extracellular matrices. In nature, through billions of years of
prebiotic and molecular selection and evolution, there are bio-organic molecules. There are also
some naturally modified building blocks, or metabolic intermediates. Hundreds of synthetic
derivatives have been added to this list. These natural and synthetic building blocks come
together through self-assembly or programmed assembly to form stable structures with new
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1.1.2.1.1. Granular Crystals
Granular crystals as ordered structures of non-cohesive unit elements in the form of spherical
beads of millimeter range diameters have been found to possess attractive wave propagation
characteristics, e.g. (Nesterenko, 2001; Daraio et al., 2005; Merkel et al., 2010; Goncu et al.,
2012). The attractive properties of granular crystals are, however, not limited to their dynamic
mechanical or optical characteristics, and the details of quasi-static load transfer through granular
crystals have been considered in Mueggenburg et al. (2002), and, Goldenberg and Goldhirsch
(2002).
Granular crystals based on spherical beads do not have the capability of carrying out-of-plane
loads although such a capability is clearly relevant and evident in the biological examples of
segmented structures such as human spine, human cranium, or, turtle shells to name a few.
Assemblies of regular polyhedral elements interlocked with each other, however, are able to carry
transverse loads. Such arrangements are seen in domes and arches and analyzed via a concept
similar to force chains called thrust line analysis (Heyman, 1966; Livesley, 1992). Ordered
assemblies of geometrically regular unit elements have also recently attracted significant attention
in creating advanced materials. The enormous richness of unit elements to consider for assembly
and the potential complexity of resulting assemblies was demonstrated in Damasceno et al.
(2012). Hiller and Lipson (2009) analyzed interlocking polyhedra, which they called 3D voxels,
as a digital material building block for rapid and economical layered/additive manufacturing.
Photonic meta-materials created by self-assembly of arrays of micrometer-sized polyhedral
particles (Clark et al., 2001) have been demonstrated to possess interesting optical properties
(Randhawa et al., 2010). Packing of ordered granular materials of various polygonal shapes,
especially regular tetrahedra, is also an area of interest in mathematics (Conway and Torquato,
2006).
1.1.2.1.2. Tensegrity Structures
Tensegrity(Fuller, 1961; Snelson, 1973) is a structural principle used to create stable 3D
structures by combining discrete elements that are only under compression with a continuous
element under tension only. A few salient characteristics of Tensegrity structures are: a) high
specific stiffness, b) monotonically increasing stiffness, c) stability under large deformations, and,
d) ability to create hierarchical structures. These properties are achieved by the triangulation of
tensile and compressive forces under the action of external force, and, by the fact that each
continuous segment carries only tension or compression and hence by Maxwell’s rules (Maxwell,
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1895) possesses high specific stiffness and strength. Furthermore, the individual Tensegrity
structures, by sharing one or more elements, are also able to connect with the other Tensegrity
structures thus creating multiscale hierarchical structures. While artificial Tensegrity structures
have traditionally been employed as art forms (e.g. Snelson’s Fat Rador, Figure 1.3), recently, as
their mechanics has been better understood (Skelton et al., 2001), they have also been employed
to create load bearing structures such as bridges (Rhode-Barbarigos et al., 2010; or the Kurilpa
bridge in Australia) or as smart structures (Fest et al., 2004) and even deployable space structures
(Hanaor and Levy, 2001).
Biological structures such as spinal column, turtle shells, shark tesserae, armadillo armor, cranial
vault and arthropods (Budd, 2001; Krauss et al. 2009; Liu et al., 2010; Yang et al., 2013) possess
strength and toughness combined with flexibility to achieve the ability to carry loads, be damage
tolerant against external impacts/attacks, and, yet be nimble for locomotion. However, mere
segmentation and assembly is not sufficient to achieve these properties, rather, these biological
structures achieve their mechanical properties by assembling hard elements in a close packed
configuration and connecting the individual elements (or segments) through a common load
(tension) carrying component. The spine has bones connected with ligaments to achieve the
variation in stiffness from large (for standing or posturing or preventing unwanted backward
bending) to low (for turning or bending forward). Similarly, turtle shells (Krauss et al. 2009) and
armadillo armor (Yang et al., 2013) are structures with hard elements connected with elastic
components to provide damage tolerance and flexibility to the respective animals. These
biological structures are, thus, in essence Tensegrity structures i.e. structures with continuous
tension elements and discontinuous compression elements. Tensegrity has been used (Chen and
Ingber, 1999; Ingber, 1997) to explain the mechanotransduction process in vertebrates i.e. how
stress applied at the macro level are transmitted to the cellular level inducing a biochemical
response which determines significant cellular processes such as gene expression, growth,
differentiation and survival. The transfer of stress takes place as the biological component is
composed of several tiers of systems e.g. the limbs are made of organs which are constructed of
tissues which in turn are made of living cells and extracellular matrix, and, so on so forth until the
molecular levels. A specific example of bio-Tensegrity is the spine as it possesses an interlocked
structure of vertebral bones in compression held together with tension carrying ligaments such
that the tension and compression loads are non-collinear and a traingulation of loads is obtained.
Tensegrity has been used (Levin, 2002) to explain the high strength, toughness and flexibility of
human spine as the traditional arch or abdominal pressure based models (Norris, 1995) are unable
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to capture the correct mechanics. Along similar lines, the human cranium, comprising of
segmented hard elements connected via sutures has been described using a Tensegrity model
(Scarr, 2008), Figure 1.4. In the cranium, tensional forces in the dura mater, a tough membrane
that lines the internal surface of the bones, have the effect of pushing the bones apart, whilst at the
same time integrating them into a single functional unit. Finally, even the integrity of the doublehelical structure in the DNA has been described using Tensegrity (Liedl et al., 2010). Tensegrity
has thus even been called the ‘Architecture of life’ (Ingber, 1998).
However, these manmade Tensegrity structures, commonly made of cables and struts, are not
dense like those observed in nature. In this thesis, a bio-inspired dense tensegrity structure is
proposed.

Figure 1.3: Snelson's strut-cable tensegrity structure, Fat Rador (www.kennethsnelson.net).
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Figure 1.4: Interlocking and tensegrity in human cranium (Scarr, 2008).

1.1.2.2. Cellular Material Systems
The second material design principle employed here is that of shape optimization. This concept
underpins the design of low-density cellular materials (foams and honeycombs) (Evans et al.,
1998; Gibson and Ashby, 1997). One of the primary ways of creating new materials using
topology optimization, both, in nature and, ever more increasingly in the man-made world is by
making cellular solids. Bone, honeycombs (Figure 1.5), foams all serve as examples. Cellular
solids have been studied extensively in literature (Evans et al., 1998; Gibson and Ashby, 1997). A
cellular solid is one made up of an interconnected network of solid struts or plates which form
edges or faces of cells. Cellular solids commonly possess advantageous specific mechanical
properties, such as high specific modulus, high specific strength or toughness. The cellular solids
dramatically extend the range of properties available to the engineer. They help make structures
which are light and stiff such as sandwich panels. They help decrease thermal conductivity and
increase energy absorption. These materials are thus great for cushioning or impact resistance
applications. In addition, cellular solids are an ideal departure point for the development of
multifunctional materials (Gibson and Ashby; 1997).
The cellular solids are divided into two main categories- open cell and closed cell solids, both of
which have distinct mechanical properties. The closed cell solids for example, are theoretically
predicted to have a linear variation of stiffness with density whereas for the open cell solids, the
stiffness is predicted to vary with power of 1.50 (Gibson and Ashby, 1997). The basic difference
in property variations comes from the mode of deformation. The closed cell solids are stretch
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dominated whereas the open cell solids are bending dominated. Theoretically, for very low
relative densities, closed cell foams advantageously possess properties positioned at the upper
bound (Voigt bound). In practice, however, closed cell solids are rarely found to exhibit a linear
variation of stiffness with density as mentioned above due to presence of imperfections. As an
example, for the closed cell Aluminum foams the knockout factors can range from 2.00 – 100.00
thus giving an effective variation with the square of the density (Sugimura et al., 1997). Some of
these imperfections arise from waviness in wall surface and from irregular cell shapes and size.
Various studies have been performed (Grenestedt, 1998; Grenestedt and Bassinet, 2000;
Grenestedt and Tanaka, 1998) to account for the effect of geometrical properties such as
thickness, cell shape on the mechanical property variations of closed cell solids.
The most important aspect of cellular solids is their multifunctionality (Evans et al., 1998). The
largest single application for polymeric foams and glass foams is as thermal insulation (Gibson
and Ashby, 1997). Coffee cups, heat dissipation media, modern buildings and compact heat
exchangers all take advantage of low thermal conductivity of plastic foams. The particular
advantage is the low thermal mass and hence high thermal efficiency. Sound absorption is
another application for which the cellular solids are used (Lu et al., 1999). Yet another form in
which the multifunctionality of the cellular solids has been exploited is to use them as carriers of
materials, either in fluid or solid phase e.g. to create composites which release adhesives on
impact to seal the cracks. Thus, it is these myriad set of multifunctional properties of cellular
solids that makes them so attractive. The current research uses the concept of cellular materials to
optimize and expand the mechanical properties of the discussed material.

Figure 1.5: Honeycomb as a prototypical cellular solid.

11
1.1.2.3. Smart And Adaptive Materials
In addition to the passive approaches outlined earlier, active material concepts further expand the
material property space (Chopra, 2002; Garg et al., 2001; McKnight and Doty, 2010; Spillman et
al., 1996; Thompson, 1992). In particular, active material concepts have the means to respond to
external stimuli and thus can occupy separate locations in the material property space at different
times. Over the past three decades much research has been conducted in the area of smart and
adaptive materials. These materials possess the ability to sense their environment to adaptively
respond to the external stimuli by altering their response characteristics. There are several classes
of a number of types of smart materials. Some typical examples include piezoelectric materials
used in sensors and actuators, shape memory alloys and polymers used in orthodontic wires, and
magnetorheological fluids used in shock absorbers in a vehicle suspension.
Smart and adaptive materials have in common to a sensing and an actuating component, a control
system such that the special deformation characteristics of the material under consideration can
be used actively. Thereby, these materials expand the operating range of the system in which they
are embedded. An often cited application of these materials is the active control of vibrations in
airplane wings and helicopter blades (Giurgiutiu, 2000). New directions in which the smart
materials research has focused on are in structural health monitoring. This includes failure
diagnosis and subsequent damage suppression and possible healing of the structure (Angioni et
al., 2011) where it was shown that SMAs can be employed to suppress damage in hybrid
composites both, passively and actively.
The selection of the smart material system is primarily determined by function. The current study
focused on a novel materials design strategy for energy dissipation. From transportation of people
to packaging of fragile objects, the ability of the packaging material to prevent damage to life and
property is an important consideration in selection of materials. Although several material designs
such as foams or plastically deforming structures exist to absorb/dissipate energy, the best suited
materials are those that can do so while keeping low stress over large deformations.
The concept of adaptively responding materials has been used to solve this conflicting
requirement. Several studies have been performed to create so called adaptive energy absorbers
with specific application to vehicles for protecting the passengers and contents within at
controllable impact stresses (Holnicki-Szulc and Knap, 2004; Mahmood and Baccouche, 1999).
These studies presented a solution by proposing multiple axial hydraulics controlling the different
segments of the car bumper.
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Recently, designs incorporating smart materials such as shape memory alloys (SMA’s) and
magneto-rheological (MR) fluids within the passive energy absorbing materials have been
proposed to create adaptive energy absorbing structures. SMA’s reversibly change their
properties by changing their microstructure upon input and release of thermal energy (NematNasser and Guo, 2006). Angioni et al. (2011) reviewed the current state-of-the-art in application
of SMA’s in hybrid composites for resistance and suppression of damage. Holnicki-Szulc et al.
(2003) conceptually modeled and analyzed an adaptive energy absorption system with variable
yield strength using sequentially collapsing micro-trusses connected with micro-fuses which were
washers made of SMA’s. MR fluids change their stiffness by shear thickening upon application
of the magnetic field (Dyke et al., 1996; Yang et al., 2002). Numerous applications of such smart
materials have been demonstrated in Schwartz (2009). Primary among them is the ability to
create variable stiffness structures (Liang et al., 1997; McKnight and Doty, 2010). Deshmukh and
McKinley (2007) created and analyzed adaptive energy absorbing cellular solids whose
mechanical properties were modulated by impregnating them with MR fluids. The energy
absorption capacity for the proposed material was seen to vary 50 fold by changing the magnetic
field. A scaling model was also proposed to model the fluid-solid composite behavior. The model
was then used to optimize composite properties based on application requirements such as
headrest with no whiplash. Wereley et al. (2011) theoretically analyzed MR based energy
absorbers to obtain the optimal material parameters for achieving a soft landing i.e. where the
payload comes to rest at the end of the stroke with no large crushing forces as obtained for foams.
The optimal Bingham number that minimized drop-induced shock loads utilizing large damper
strokes was obtained for the MR fluid based smart material.
This research specifically focuses on creating materials with ability to adaptively control the
energy dissipation capacity while maintaining a desired force and stiffness magnitude over large
deformations.

1.2. Thesis Summary

1.2.1. Topologically Interlocking Material Assemblies
The current investigation aims to develop multifunctional, hybrid and smart materials by
exploring a newly proposed class of materials called, Topologically Interlocking Material
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Assemblies (Dyskin et al., 2003a). These assemblies are formed of independent unit elements
arranged in an interlocking pattern that transfer load between each other by contact only. In the
absence of adhesive interaction, the tensile component of the load is carried by complementary
tensile elements in the form of external abutments or integrated filaments.
Assembly of unit elements has been employed in civil engineering for hundreds of years to create
structures like Roman arches (Figure 1.6(a)), and gothic cathedrals. To this day, these engineering
wonders stand strong, a testament to the damage tolerance of these structures. Structures such as
arches, domes and stone walls have been erected by the assembly of unit elements made of stone,
however they rely on gravity and curvature for stability. As recently reviewed in Fleury (2009)
and expanded upon in Brocato and Mondardini (2012), a variation of such 2D structures that did
not rely on gravity was proposed by J. Abeille at the end of the 17th century as flat vault designs
based on planar assemblies of unit elements. In these assemblies a square tiling is obtained
through translation and rotation of a single type of polyhedron having two orthogonal cross
sections (both vertical and passing through the centroid) in the shape of isosceles trapezia with
the longer bases at opposite sides. These assemblies can carry transverse loads, but due to their
geometric characteristics can be loaded only in out-of-plane (transverse) direction.
Glickman (1984) proposed another specific form of planar contact-based assemblies of unit
elements, called G-blocks. This was accomplished by the assembly of tetrahedra arranged in a
specific, topologically interconnecting pattern, Figure 1.6(b). Tetrahedra were then cut at the top
to create so-called G-blocks such that a flat surface was obtained. The key concept behind the
interlocking mechanism is to provide unit element surface areas possessing outward normal
vectors with components in direction normal to the assembly plane so that each unit element can
carry the transverse load. By alternating the direction of the outward normal vectors with respect
to the TIM assembly plane the motion of the unit elements relative to each other is limited and
unit elements all support each other. Still, the planar TIM assemblies require an external support
similar to the abutments in the arches. Glickman's G-block was further expanded by Dyskin et al.
(2003a) to create TIM assemblies made out of regular tetrahedral shaped elements. These authors
compared the bending rigidity and toughness of planar TIM assemblies to a monolithic solid plate
of same geometric dimensions (Dyskin et al., 2003b). The TIM assemblies was found to be
significantly more damage tolerant and possessed a bending rigidity an order of magnitude
smaller than the monolithic plate. Dyskin et al. (2003a) also expanded the concept of TIM
assemblies by demonstrating how the five platonic solids are all viable options for creating such
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TIM assemblies. Dyskin et al. (2003c) also proposed a TIM assembly made out so-called
osteomorphic blocks which were flat on two sides so as to form 2D flat plates but curved in 3D
on the other four faces to utilize topological interlocking. These osteomorphic TIM assemblies
were then presented as a potential building material for extraterrestrial structures and for space
shuttle tiles as thermal protection systems which are more damage resistant than the currently
used tiles (Estrin et al., 2003). Schaare et al. (2008) studied the point loading of TIM assemblies
made of cube-shaped elements. These TIM assemblies were found to have significantly nonlinear
force-deflection behavior with possible negative stiffness behavior during unloading. These
authors also studied the effect of friction and lateral load on the maximum observed force and
compared their results with experiments for different materials.
TIM assemblies derive their relatively high damage tolerance, as compared to equivalent
monolithic plates, due to the fact that cracks are arrested at free surfaces thus reducing the overall
failure zone. Khor et al. (2002) presented a description of the possible mechanism of failure in
TIM assemblies based on stress distribution in a solid monolithic plate. The analysis and results
suggested that if the plate deflections are prevented, then the force of fracture initiation will be
similar in both interlocking and solid monolithic plates. Along the same lines, Molotnikov et al.
(2007) used percolation theory to study the avalanche type failure of the TIM assemblies made of
osteomorphic elements. It was shown that these TIM assemblies could sustain a loss of nearly
25% before catastrophic failure. In another study, Brugger et al. (2009), created a DEM model
based on FEM and experimental calculations and observations for a TIM assembly made out of
regular cubes. Their DEM model qualitatively demonstrated the effect of element lengths in the
strength observed in the TIM assemblies and also demonstrated the effect of external lateral load.
In summary, previously it has been demonstrated that TIM assemblies can combine several
desirable attributes of load bearing material such as quasi-ductile response obtained from brittle
constituent materials (Dyskin et al., 2001; Dyskin et al., 2003a; 2003b; 2003c), (ii) high damage
tolerance (Dyskin et al., 2003b; Molotnikov et al., 2007), (iii) negative stiffness characteristics
under certain loading conditions (Estrin et al., 2011; Schaare et al., 2008), (iv) variable stiffness
as adjusted by control of constraint (Brugger et al., 2009; Dyskin et al., 2003b), and, (v)
remanufacturability (Mather et al., 2011). The current research is motivated by the aim to
combine these desirable and tunable properties of TIM assemblies and further expand the
available range of properties for engineering use.
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While several experimental studies on TIM properties have been published, relevant analysis
approaches to TIM assemblies have been less frequent. Dyskin et al. (2003b) presented a plate
theory based analytical model for the TIM assemblies made out of tetrahedron elements. These
authors showed that the model predicts the correct bending stiffness for TIM assemblies if they
are considered as plates of equivalent thickness based on the projection of the contact area along
the vertical plane. These authors assume that the TIM assemblies behave similar to equivalent
plates of reduced cross-sections. The developed models in the study, although shown to fit the
experimental results in this manner, clearly are physically incorrect since stiffness obtained in
plate theory is based on tensile stresses developed due to bending whereas TIM assemblies, by
their very nature, do no support tensile stresses as the contacts open up under application of
transverse load. The tensile loads are carried in the external frame. Furthermore, that study does
not talk about the applied preload on the material even while mentioning that their material was
tightly clamped at the boundaries. This is relevant since the response of TIM assemblies under
preload too is seen to be very different from that of monolithic plates as shown by their own
research published elsewhere (Dyskin et al., 2003c). Thus, a mechanistically correct theory is
required which accounts for the correct contact based mechanics of these materials and is also
simple enough to use for predictive analysis.
TIM assemblies can also be seen as ordered granular crystals which gain their properties via
contact interaction, shape, external pressure and density of packing (Jaeger et al., 1996).
Moreover, the specific square arrangement discussed in this thesis has been referred to by
Conway and Torquato (2006) as the densest arrangement of regular tetrahedra in 2D.
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Along the same lines, of specific interest to both, the materials scientists and mechanicians, is the
effect of size on mechanical properties of strength and toughness. The last few decades have seen
an increased interest in the effect of size on mechanical properties (Bazant, 1999; 2000; Simitses
et al., 2002). Although scaling laws have been studied extensively as the aforementioned studies
demonstrate, those exist for continuous monolithic structures like beams and plates. With the
increasing importance of segmentation as a strategy for building new materials accompanied by
the realization that all biological materials have a segmented structure where smaller elements
combine to form the unit element at the next higher length scale, the study of scaling laws for
segmented structures becomes necessary. Recently, it has also been proposed (Carpinteri and
Pugno, 2005) that geometry, rather than the mechanics, might be the underlying phenomena for
most of the observed scaling laws in mechanics. This holds significance for the materials
discussed in this thesis where geometry plays a key role in the mechanical response.
Lee et al. (2008) explored the scaling law for 2D graphene by analyzing them as thin membranes.
Similar methods can be used to obtain the scaling laws for monolayer materials held together by
atomic forces. More importantly, however, the key argument made is that these monolayer
"materials" are more appropriately analyzed as structures and hence the mechanical property that
characterizes these materials is stiffness which, at the macro level, translates into the Young's
modulus. TIM assemblies, being 2D monolayers of interlocked unit elements, are thus similarly
more appropriately analyzed as structures by probing their stiffness, peak force response and
energy absorption capacity.

1.2.3. Hypotheses
The unique properties mentioned above make TIM assemblies a highly interesting area of
research. However, even though some of the advantages of using TIM assemblies have been
shown, a fundamental and thorough understanding of the mechanics of the materials and a
description of the control of those properties, passively and actively, remains lacking. Some of
the fundamental questions that need to be answered are: How do TIM unit elements interact with
each other? How do TIM properties scale with size? What is the effect of changing TIM
microstructure? Can TIM assemblies, due to their granular nature, be made to behave actively
like traditional granular materials by change of external pressure, and if so, what is the related
mechanics? Can the segmentation and assembly process of creating TIM assemblies be exploited
to create materials with advantageous properties similar to those observed in biological materials?
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This thesis attempts to answer these fundamental questions using the scientific process of
hypothesis generation and validation via experiments and analysis. The overarching hypothesis
made is that TIM assemblies, being made of discrete elements, offer a way to combine the
advantages of shape (by using cellular structures), scale (by changing number of elements or
element geometry), composition (by adding load carrying members made of different constituent
material properties either as interlocked unit elements or as fibers interspersed between unit
elements), tunable mechanical properties (by controlling external load), and, tensegrity (by
modifying the way unit elements are assembled in a manner similar to that observed in
interlocked biological materials) to create multifunctional hybrids with controllable mechanical
properties. Each individual hypothesis is stated in further detail in the abstracts in the next section
and in the following chapters.
A deeper exploration of the mechanics of these materials, and, exploitation of the fundamental
characteristic of being made of discrete elements by employing the design strategies used in
creating advanced materials as mentioned earlier will help in developing a sound analytical model
that captures the correct mechanics of these materials, and, in proposing novel designs for the
practical utilization of these materials with greater control over required mechanical properties.
This thesis provides a description of the studies performed and the subsequent results attained
towards achieving the aforementioned goal of creating multifunctional, hybrid and smart
topologically interlocked materials. These studies include,
(a) performing physical and numerical experiments to create TIM assemblies made of dense
and cellular elements in order to investigate the mechanics of these materials,
(b) demonstrating the effect of actively controlling in-plane load on the mechanical
properties of TIM assemblies to create variable stiffness, adaptive energy dissipating
materials,
(c) development of an analytical model to predict the scaling laws for stiffness, strength and
toughness, and,
(d) designing bio-inspired dense tensegrity TIM assemblies and understanding the mechanics
thereof via experiments and analysis.

1.2.4. Abstracts
A brief abstract of the work performed in the subsequent chapters is now provided.
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1.2.4.1. Cellular TIM Assemblies
Past work on TIM assemblies has focused on dense unit elements. In the work outlined in
Chapter 2 (Khandelwal et al., 2012) the concept of TIM assemblies was combined with that of
cellular materials. Thereby, a novel hybrid material class was created, i.e. that of Cellular TIM
assemblies. It was hypothesized that this approach of exploiting the TIM microstructure will help
expand the available properties from dense and homogeneous TIM assemblies just as the
monolithic cellular materials increase the material property range available from dense
constituent. To characterize the mechanical behavior of the proposed cellular TIM assemblies
made of an intrinsically brittle base material, TIM assemblies with different relative densities
were tested under quasi-static loading conditions using drop tower tests at low energies. FE
models were created for TIM assemblies with dense unit elements. Linear correlation between
mechanical properties of stiffness, strength and toughness with relative density was observed.
Key insights were obtained using the FE simulations which show the development of thrust lines
in the material, and, a hinge formation at the boundary as the contacts open up. Based on these
observations, a truss based analytical model for the prediction of the observed material behavior
was developed using the concept of thrust line analysis used traditionally to analyze the behavior
of the arches and domes under the action of transverse loads. The model was used to predict the
experimentally observed force-deflection curves. A good qualitative match was found between
the experimentally observed results and the model predictions.

1.2.4.2. Variable Stiffness, Adaptive Energy Dissipating TIM Assemblies
TIM assemblies can be considered ordered 2D granular crystals created as assemblies of
interlocking unit elements that are in the shape of platonic solids. Much like granular materials,
TIM assemblies require an external constraint to provide resistance under the action of external
load and achieve their properties through contact interaction between individual unit elements.
Past work on TIM assemblies considered fixed and passive constraints only. In the study
discussed in Chapter 3, it was hypothesized that active control of the external constraints will
provide the ability to actively control the stiffness and the energy absorption capacity of TIM
assemblies. The role of active and adaptive external constraints was considered using physical
experiments and analytical modeling. Active control of the confinement force allowed for control
of material stiffness over a wide range of properties, including negative values of stiffness. This
property was exploited to create adaptive topologically interlocked materials that solved the
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conflicting requirements of large energy dissipation while keeping low peak loads over large
deformations. Discussion, via case studies, for creating adaptive energy absorbing structures for
various applications using TIM assemblies was presented.

1.2.4.3. Microstructure-Property Relationships: Stiffness, Strength And Toughness Scaling Laws
Characteristic dimensions of structures have been observed to determine their mechanical
properties such as stiffness, strength and toughness. TIM assemblies, being constructed using the
bottom up approach, were hypothesized to have size dependent mechanical properties. Three subfamilies of TIM assemblies are possible: a) where the unit element edge length changes while
keeping constant span length i.e. packing more unit elements into the same area, b) where the
span length changes while keeping constant unit element edge length i.e. by adding more number
of unit elements, and, c) where the span and the unit element lengths change while keeping the
aspect ratio constant. In the study outlined in Chapter 4 (Khandelwal et al., 2013) scaling laws
relating the mechanical stiffness of these mono-layered TIM assemblies to the system
characteristic dimensions were presented. The analytical model, based on the concept of the
thrust line analysis, and, first proposed in the study on cellular TIM assemblies, was employed to
obtain the stiffness scaling laws. Model predictions were validated using finite element
simulations as virtual experiments. The simulations considered no-slip condition between all
contacting surfaces. Scaling law powers were found to closely resemble those of classical plate
theory despite the distinctly different underlying mechanics and theory of TIM deformation.
Effect of slip on the stiffness of TIM assemblies was also demonstrated using the numerical
models.
In Chapter 5 the analytical model proposed in the current study is further extended to predict the
strength and toughness scaling response of TIM assemblies by linearizing the analytical model
for initial stiffness and using geometric arguments for critical deflections of peak force and
failure. A linear variation of toughness with strength and stiffness was obtained. The scaling
relations combined with those obtained for stiffness in Chapter 4 were used to propose design
rules to obtain materials with optimal properties. It was demonstrated that TIM assemblies can be
used to fill the material property space by varying the geometry and effective material modulus.
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1.2.4.4. Tensegrity TIM Assemblies
Biological structures such as spinal column and turtle shells combine strength and toughness with
flexibility. Such structures are assembled in a close packed configuration held together using
elastic body parts such as ligaments and have been explained as tensegrity structures. However,
manmade tensegrity structures, commonly made of cables and struts, are not dense. In TIM
assemblies the unit elements carry only compression while the external frame carries the tensile
loads as hoop stress. In the study outlined in Chapter 6, it was hypothesized that TIM based dense
tensegrity structures can be constructed by embedding dense interlocked unit elements in a woven
net of elastic fibers that carry tensile loads. It was further hypothesized that such tensegrity TIM
assemblies would possess mechanical properties similar to conventional tensegrity structures. A
novel departure from the frame constrained TIM assemblies discussed thus far was thus proposed
using the concepts of tensegrity. The resulting two-dimensional solid was subjected to quasistatic loading. The recorded force-deflection data show a non-linear hardening response
characteristic of tensegrity structures. After the first failure event, the load was found to increase
again. The force-deflection response of the dense tensegrity TIM assemblies was in contrast to
the traditional rigid frame constrained TIM assemblies which show a gradual post-peak softening
response. The proposed structure also regained strength multiple times before eventual loss of
load carrying capacity. Such a behavior is advantageous in terms of damage tolerance. A threebar analytical model was used to explain the observed response. The model capabilities were
expanded to demonstrate active control of stiffness by varying a system characteristic constant.
This research indicated that Tensegrity TIM assemblies provide both unique elastic and failure
characteristics similar to those observed in biological structures but not found in conventional
materials. Furthermore, such a material design provides a means to integrate TIM assemblies into
external structures while still retaining its most advantageous mechanical properties of damage
tolerance and variable stiffness control as discussed earlier.
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CHAPTER 2. TRANSVERSE LOADING OF CELLULAR TOPOLOGICALLY
INTERLOCKED MATERIALS

2.1. Introduction
The search for materials offering previously unavailable combinations of material properties is an
ongoing pursuit. In the recent past, the concept of hybrid material systems has been successfully
applied to create materials exhibiting novel property combinations (Ashby, 2005; Ashby and
Brechet, 2003; Bouaziz et al., 2008) thereby expanding the existing material property space.
Hybrid materials are defined as materials that obtain their properties by the simultaneous use of at
least two of the fundamental concepts of material design: i.e., composition, shape optimization, or
segmentation (Ashby, 2005). Research on hybrid materials has been further fueled by the desire
to create multi-functionality whereby a material, apart from satisfying its basic mechanical
property requirements also provides an additional functional property, such as thermal protection,
energy absorption or acoustical damping.
The aim of the present study is to demonstrate a novel hybrid material concept, to develop the
mechanics base for the property predictions of the proposed material and to suggest potential
useful characteristics of the material. The newly proposed cellular topologically interlocked
materials emerge by simultaneously employing the concepts of segmentation and assembly, and,
shape optimization as guiding principles. Motivation for such materials stems not only from
considerations of possible combinations of fundamental material design principles but also from
observations of natural structures. For example, the spine of vertebrates is a load carrying
structure (Chen and Ingber, 1999) composed of unit elements (vertebrae) each possessing a
cellular character with a dense shell and a low-density core (Goel et al., 1993; Rho et al., 1998)
and connected by constraining ligaments (Levin, 2002). Similarly, a turtle’s armor can be
considered as a planar assembly of unit elements (plates), which again consist of a dense outer
shell and a low-density core (Krauss et al., 2009).
The first design principle applied is that of segmentation and assembly whereby materials are
created from a base set of unit elements. Such principles underpin designed materials (Zhang,
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2003). Given only a few base unit elements, combinatory principles indicate that a large number
of structures can be created. Also, individual elements can be optimized for particular functions.
Such materials have attracted considerable attention in the context of bio- and nano-technology
(Gracias et al., 2000; Fernandez and Khademhosseini, 2010; Mueggenburg et al., 2007; Stupp et
al., 1997). At these small scales, the interactions between unit elements emerge from van der
Walls, electrostatic and hydrogen bond forces. At larger scales, such forces are not effective and
alternate forms of interactions are needed. Throughout history, structures such as arches, domes
and stone walls (Block et al., 2006a; 2006b; Block and Ochsendorf, 2007; Boothby et al., 2007;
Casapulla and D’Ayala, 2001; Heyman, 1966; Huerta, 2001; Livesley, 1992; O’Dwyer, 1999)
have been erected by the assembly of unit elements (stone or brick). In these structures, load
transfer among unit elements is by contact; still in conventional stone and brick structures one
relies on gravity and curvature to enable stable load-carrying capability. Planar assemblies of unit
elements were also considered in the past. Of particular interest are the flat vault designs
following from the work of J. Abeille at the end of the 17th century as recently reviewed in Fleury
(2009) and expanded upon in Brocato and Mondardini, 2012. In these assemblies as square tiling
obtained through translation and rotation of a single type of, a polyhedron having two orthogonal
cross sections (both vertical and passing through the centroid) in the shape of isosceles trapezia
with the longer bases at opposite sides. These assemblies can carry transverse loads, but due to
their geometric characteristics can be loaded only in one direction. Glickman (1984) suggested
another specific forms of contact-based assemblies of unit elements (G-blocks) into monolayers
which can carry transverse loads but do not require self-weight. Such assemblies are enabled by
the use of unit elements in the shape of regular (truncated) polyhedrons such that the unit
elements interact with each other by multiple and complementary contacts. These structures no
longer need gravity to satisfy stability, but continue to require abutments to provide external
confinement of the monolayer assembly. Dyskin et al. (2003a) expanded and generalized this
concept, and introduced the term topologically interlocked materials (TIM) for this class of lowdimensional materials created from individual unit elements interacting with each other by
contact and embedded within a constraining framework. It has been demonstrated that TIM
assemblies can possess attractive mechanical properties including: (i) high damage tolerance
(Dyskin et al., 2003b; Molotnikov et al., 2007), (ii) negative stiffness characteristics under certain
loading conditions (Estrin et al., 2011; Schaare et al., 2008), (iii) variable stiffness as adjusted by
control of constraint (Brugger et al., 2009; Dyskin et al., 2003b), (iv) quasi-ductile response
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obtained from brittle constituent materials (Dyskin et al., 2001; Dyskin et al., 2003a; 2003b;
2003c) and (v) remanufacturability (Mather et al., 2011).
The second material design principle employed here is that of shape optimization. This concept
underpins the design of low-density cellular materials (foams and honeycombs) (Evans et al.,
1998; Gibson and Ashby; 1997). Cellular solids commonly possess advantageous specific
mechanical properties, such as high specific modulus, high specific strength or toughness. In
addition, cellular solids are an ideal departure point for the development of multifunctional
materials (Gibson and Ashby; 1997).
Motivated by naturally occurring structures and the opportunities in hybrid material design, it is
hypothesized here that the combination of segmentation and cellularity would allow for the
design of a biomimetically-inspired material possessing attractive mechanical properties. In order
to verify the hypothesis, experiments on a low dimensional (monolayer) model material were
conducted, and a theoretical framework for the analysis of the mechanical properties of these
materials was developed.

Specifically, it was hypothesized that the resulting cellular

topologically interlocked materials would possess favorable strength, damage tolerance and
energy absorption under impact conditions particularly when such properties are expressed as
specific properties.
First, experiments were conducted to measure the mechanical properties of the proposed cellular
topologically interlocked materials over a range of relative densities. A low velocity impact
experiment was considered in which inertia terms remain negligible. By following considerations
also employed in the analysis of other low dimensional materials (Lee et al., 2008), such as
carbon nanotubes, graphene, nanoparticle sheets and monolayers), the mechanical characteristics
of TIM assemblies are given in terms of elastic stiffness, load carrying capacity, and energy
absorption. In order to be able to be able to predict the mechanical properties of the proposed
hybrid material, predictive models for the prediction of the mechanical behavior are needed.
Finite element models have successfully been used to analyze individual TIM configurations
(Ashby, 2005; Brugger et al., 2009; Schaare et al., 2008), however, such models only predict the
properties of one specific material configuration and are not sufficient when designing materials.
One attempt to develop an analytical model for the prediction of the elastic properties of TIM
assemblies was undertaken in (Dyskin et al., 2003c). In that approach (Timoshenko) plate theory
was used, and TIM specific characteristics were incorporated by adjusting the second area
moment. However, by employing a plate bending theory appropriate for a continuous solid, one
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does not account for the fact that no tensile stresses can be transmitted across the contact surfaces
between the individual unit elements in a TIM. Also, a model for the characterization of the
damage evolution in TIM assemblies was developed in (Mather et al., 2011) by expanding
previously developed models for prestressed mortar walls. This model explains the local
conditions in the element-to-element contact, but fails to predict the overall characteristics of the
TIM assemblies. Furthermore, Molotnikov et. al. (2007) explored the failure behavior of TIM
assemblies using percolation theory. Here, a model for the mechanical behavior of TIM
assemblies is developed in the context of thrust line analysis; a technique well established in the
analysis of stone structures such as arches and domes where self-weight is required for structural
stability (Block, et al., 2006a; 2006b; Block and Ochsendorf, 2007; Boothby et al., 2007;
Casapulla and D’Ayala, 2001; Heyman, 1966; Huerta, 2001; Livesley, 1992; O’Dwyer, 1999).
The thrust line analysis and its associated limit load considerations comprise a strictly geometrybased analysis and do not take into consideration material properties. Only a few models have
taken account of material properties in the analysis (Loo, 1995; Ma et al., 1995; Molins and Roca,
1998). By combining the concepts of thrust line analysis, and recognizing the static
indeterminacy of the deformation problem at hand, an analytical framework for the predictions of
the mechanical properties of cellular TIM assemblies are derived here. The model predictions are
verified against the experimental data, and provide the basis for a discussion of application
opportunities arising from the novel hybrid material proposed in this study.

2.2. Experiments

2.2.1. Materials And Methods
Monolayers of topologically interlocked materials were assembled from unit elements in the
shape of regular tetrahedra. The edge length of a unit tetrahedron was a0  25.00 mm . Both dense
as well as cellular (i.e., hollow) unit elements were considered. The cellular unit elements
possessed wall thicknesses of t  1.00, 1.50, 2.00 and 3.00 mm . The relative density,  * , of the
cellular unit elements is defined as the material volume of the cellular unit element divided by the
volume of the dense unit tetrahedron:
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Subsequently, the assembled monolayer was confined by the use of abutments placed along its
edges, see Figure 2.2(c). The abutments were also made in the 3D printer from ABS P400. The
abutments are of prismatic shape and possess a wedge shape cross-section such that they engage
with the sides of the monolayer as demonstrated in the cross-sectional views of Figure 2.3(a-b).
The assembled monolayer specimen possessed an edge length at its top and bottom surface of
LT  ( N  1) a0 / 2  100.00 mm . Its mid-plane was a square of edge-length L  Na0 / 2 . The

specimen was placed into a test frame machined from aluminum. The frame supported the
abutments. Two adjacent abutments were fixed in space and the remaining two abutments could
be displaced in a single in-plane direction. Two screws per abutment were used to adjust the
position of the abutment, thereby controlling the confinement. The confinement pressure was
measured by using a thin film force sensors (FlexiForce, range 0-110.00 N and a linearity error <
±3.00%) inserted between the constraining abutments and the surrounding fixture. A condition of
zero pre-load was considered for all experiments. This condition was controlled by sequentially
tightening the screws step-by-step until the force sensor returned a signal just above the noise
level.
A total of 30 TIM specimens were prepared. The number of experiments per density was n = 6
for  *  0.48, n  4 for  *  0.65, n  8 for  *  0.78, n  5 for  *  0.93, and, n  7 for

 *  1.00 . Each specimen tested was made out of previously unused tetrahedrons. The response
of the specimens to impact loading was evaluated.

Impact tests were conducted in an

instrumented drop tower test system (Instron Dynatup 9250HV). The drop tower system
conforms to the impact testing standard ASTM D5628. The impactor tip (tup) had a semispherical shape with a diameter of 10.00 mm and is equipped with a strain gauge load cell with
full-scale capacity of 200 lb.

The impactor position transducer is an optical encoder with

accuracy of ± 0.02 mm. All experiments were performed using a drop mass of m  6.21 kg and a
drop height of H D  36.58 mm resulting in an impact energy of U  2.23 J . During the impact
event the loading experienced by the specimens is displacement controlled with a displacement
rate of 0.93 m/s. Such constant displacement rate is maintained as the drop mass is much larger
than the weight of the specimen. The specimens were placed in the test system such that the
centrally located tetrahedron was loaded at the midpoint of its upper edge: see Figure 2.2(c). The
cross-sectional views in Figure 2.3(a-b) depict the internal structure of the TIM monolayer for the
case of dense and cellular unit elements, respectively. Force, F, and displacement,  , data were
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Figure 2.3: Cross-section drawing of (a) dense TIM and abutments, (b) cellular TIM (  * = 0.78)
and abutments.

2.2.2. Experimental Results
The ( F   ) response of TIM monolayers assembled from dense unit elements is shown in
Figure 2.4(a), and selected ( F   ) curves for TIM monolayers with cellular unit elements are
depicted in Figure 2.4(b) for all densities considered. All specimens exhibit ( F   ) curves with
qualitatively similar features: an initial linear elastic response, a peak load followed by a
softening regime in which load continuously drops to zero. Such a type of behavior has been
documented in previous studies (Brugger et al., 2009; Dyskin et al., 2003c) for systems made of
dense metallic unit elements and quasi-static loading conditions. Here, it was found that such an
advantageous mechanical response also extends to TIM assemblies with cellular unit elements
that individually fail brittle, and also persists under low velocity impact loading conditions. To
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summarize the experimental data quantitatively, mechanical properties derived from the
experiments were documented as: (1) the initial stiffness, K , defined as the slope of the ( F   )
curve between   1.50 mm and   5.00 mm , as a measure of elastic properties; (2) the
maximum force, F * , as a measure of strength; (3) the critical deflection values,  * and  f ,
defined as the deflection at peak load and at zero load, respectively; and (4) the work to failure,
W, defined as the area under the ( F   ) curve as a measure of toughness. From inspection of
Figure 2.4, it is evident that the characteristic deflection values are of very similar magnitude for
all specimens and nearly independent of relative density.
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Figure 2.4: (a) Force deflection curves for TIM assemblies with dense unit elements. Data for
seven individual experiments are shown. (b) Force deflection curves for TIM assemblies with
cellular unit elements. For each relative density considered one representative experiment is
depicted.
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Figure 2.5: The dependence of normalized mechanical properties, (a) K / Ks , (b) F * / Fs* , and,
(c) W / Ws on relative density (mean and +/- standard deviation). Comparison to the Voigt upper
bound.
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In all cases, the peak load, F * , was reached near a value of  *  10.00 mm , and the load carrying
capability finally vanished near a deflection of  f  30.00 mm . TIM monolayers assembled from
dense unit elements exhibited the largest values of F * , and F * declined with the decrease in
relative density. Similarly, K was found to be largest for monolayers assembled from dense unit
elements and to decline with decreasing relative density.
The normalized mechanical property values of the TIM monolayers ( K / Ks , F * / Fs* , and,
*
W / Ws ) in their dependence on the relative density  are depicted in Figure 2.5, and compared

to the Voigt upper bound.
Experimental data for densities  * = 0.48 and  * = 0.65 are well approximated by the upper
bound estimate. Experimental data for  * = 0.78 consistently exceed the upper bound but depict
increased scatter, while for  * = 0.93 property data are again close the bound. A representative
TIM monolayer in its deformed configuration after testing is shown in Figure 2.6(a). Even after
being subjected to the external load, individual unit elements remain essentially intact. The
residual opening of contacts between unit elements was observed to be the major contributor to
the deformation of the TIM assemblies. In particular, for the configuration in which the load was
applied centrally to the specimen, it was observed that contact opening was present in a crossshape with the two arms of the cross intersecting in the center of the TIM monolayer, thus
separating it into four quadrants in which contact opening was significantly less. From Figure
2.6(a) it is deduced that the deformation field in the TIM monolayer can be approximated by
linear functions possessing a maximum value at the indenter location and declining to zero at the
supports.
Under the given experimental conditions, the maximum acceleration achieved by any unit
element in the tests was found to be of the order of 10.00 m/s2. The solid tetrahedra possess a
mass of 1.75 g, so that the inertia force per unit element is 0.02 N. Thus, inertia contributions
were small compared to the average peak forces for all specimens considered.
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2.3. Analysis

2.3.1. Analysis Approach
The analysis via the thrust line method and its extension requires knowledge of the load transfer
characteristics between the unit elements in the TIM monolayer. In order to obtain such insight, a
finite element (FE) model of the TIM monolayer made of solid tetrahedral unit elements arranged
in a 7x7 assembly was developed. The model was created in commercially available software
ABAQUS v6.11. Each of the unit elements was discretized by the use of 229 tetrahedral shaped
elements with 10 nodes and a modified element formulation. The model was exercised only for
the initial (hardening) load response in which elastic deformation and contact opening dominate.
Thus, no further mesh convergence studies were required. Since the inertia effects in the
experiments were found to be negligible but contact dominates the numerical problem, the
implicit dynamic algorithm with the quasistatic option was used together with the General
Contact feature. The abutments were given the same shape as in the experiments, and were fixed
in space by applying rigid body constraints. A flat indentor with diameter, D  0.70 a0 , was used
to apply the load under displacement control conditions. The material characteristics of the solid
were considered as linear elastic. Two important modes of deformation for TIM assemblies are
contact opening and slip between contacting elements, but in the FE computation only, the case
of near zero slip was considered. This condition was imposed by selection of a very high
coefficient of friction (   100.00).
This FE-model serves not to predict the force-deflection response but rather to illustrate the
location of the thrust lines in the TIM monolayer. The deformed configuration of the TIM
monolayer as predicted by the FE model together with the vectors of the minimum principal
stresses is shown in Figure 2.6(b). The external load was found to flow from the tetrahedron to
which the load was applied (i.e., the keystone) to the abutments predominantly along three planes,
L1, L2, L3, and their symmetric counterparts. For these planes, the cross-section of the TIM
monolayer corresponds to that depicted in Figure 2.3. The distribution of the maximum
compressive principal stress vectors in planes L1, L2 and L3 are depicted in Figure 2.7 at two
stages of the loading process for the case of dense unit elements. At both the low and high load, a
well-defined main path of load transfer is present in which the magnitude of the compressive
principal stress is high. This path is the line-of-thrust. It consists of three segments: segment 1
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Initially, the two lateral segments of the line of thrust are inclined to the reference plane of the
TIM, but as loading progresses these segments of the thrust line rotate towards the horizontal.
The processes of rotation of line of thrust is most advanced along plane L1, lags some in L2, and
is more delayed in L3.
Such a configuration for the thrust lines is similar to that occurring in an arch at collapse.
However, in the TIM the deformation is constraint such that symmetry with regard to the z-axis is
enforces. Then, mechanical characteristics of this configuration can be characterized as rigid,
following from Maxwell’s rule. For this analysis consider that the configuration at hand possesses
three bars ( b  3 ), four joints ( j  4 ), with one constraint imposed ( k  1 ). Then, Maxwell’s rule,
b  2( j  k )  3  0 , is fulfilled, which indicates that the thrust line system can carry load. As
deformation progresses and the thrust lines rotate into a collinear position and form an
infinitesimal mechanism. Thus, the load carrying capacity vanishes in once this configuration is
reached (Calladine, 1978). Based on this argument, it is proposed that the mechanical behavior of
the TIM can be captured by analyzing the load transfer and the deformation in planes L1, L2, L3
in the lines of thrust. Figure 2.8 depicts the configuration to be analyzed, representative of the
situation in L1, L2 and L3, respectively. Three truss elements placed along the segments of the
thrust line are considered as shown in Figure 2.8. The two lateral trusses ( X1X2 and X 3 X 4 )
possess initial and current lengths of r0 and r , respectively, while the central truss ( X 2 X 3 )
initially is of length a0 and of current length a , Figure 2.8. The points X1 and X4, i.e. the thrust
line end points at the abutments, at the supporting abutments, remain at distance h1 from the
upper surface of the TIM during loading as seen from the results of the FE model. As the central
unit element is displaced vertically by  , a statically indeterminate configuration arises.
Fundamental mechanics of material principles can be used to solve the problem at hand, and to
correlate  to the horizontal and vertical components of the thrust force, f H and f V . The sum of
all vertical components of the thrust forces in all planes then equals the force F for an applied
displacement  . The compatibility conditions for the configuration is,
2r cos   a  2l0  a0 and 2r  a  2r0  a0  

(2.2)

with l0 the horizontal component of r0 , and the angle  characterizing the inclination of the
thrust lines relative to the xy-plane. Combined with the force-elongation relations for the three
trusses
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Here, As is an equivalent cross-sectional area of the thrust line in the dense TIM and E s is the
Young’s modulus of the material of which the unit elements are made. Experimental
observations, Figure 2.6(a), indicate that a linear displacement field can be used to approximate
the deflection of the TIM monolayer with the deflection at the center equal to the applied
displacement  and zero deflections at the abutments. Consequently, for cross-sections L1, L2
and L3, the corresponding local displacement values of the central tetrahedron in the local planes
are

 a 2
 2a 2 
3
1
 (L1)   ;  (L2)   1 0     ;  (L3)   1 0     .
4
2
LT 2 
 LT 2 


(2.7)

The total vertical reaction force, F, is obtained as the sum of the vertical components of the thrust
forces in all planes:





F  2 fV ( L1)  2   2 fV (L2)  2 fV (L3)  .

(2.8)

2.3.2. Model Predictions
Figure 2.9 depicts the vertical thrust force components f V for planes L1, L2, and L3 individually,
together with the resulting overall force F, all normalized by ( Es As ) , in dependence of the
applied displacement . All subsequent model predictions assume that the distance h  h1 , i.e.
that the contact between abutment and adjacent unit tetrahedron occurs at the most extreme
position. For each of the planes L1, L2, and L3 the model predicts a similar skewed parabolic
force-deflection response. The maximum values of f V are identical for all three cases, but the
deflection to reach the peak load, or subsequently zero load, vary from plane to plane due to the
different lags in the local loading conditions, Eq. (2.7).
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Figure 2.9: Vertical components of the normalized thrust forces f V in planes L1, L2, and L3,
as well as the normalized overall force F in dependence of the applied displacement  .
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Figure 2.10: Normalized force deflection curves as obtained from the present model in
comparison to experimental data.

Figure 2.10 shows a representative force-deflection curve for the experiments on TIM assemblies
with dense unit elements in comparison to the model prediction. Force data F are all normalized
to the peak force value F * of each respective data set. The model captures the experimental data
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well. By accounting for the contribution of loads carried by the various cross-sections, the model
predicts a three tiered softening response as denoted by intervals I, II and III in the ( F   )
response. This behavior emerges from the sequentially staggered local load response in planes L1,
L2

and

L3.

For

region

I:

F  2  [2 f V ( L 2)  2 f V ( L3)] since

F  2 f V ( L1)  2  [2 f V ( L 2)  2 f V ( L3)] ,

for

region

II:

f V ( L1)  0 , and, for region III: F  4 f V ( L3) since

f V ( L1)  f V ( L 2)  0 . Load transfer ceases to occur once the truss system in planes L3, the planes

furthers removed from the central tetrahedron, becomes an infinitesimal mechanism. The applied
displacement at which the TIM monolayer collapses,    f , is reached at  f  2h  2a0 .
In order to quantitatively compare model predictions and experimental data, the value of the
product E s As needs to be determined. By comparison of the maximum force value in Figure
2.4(a) to that in Figure 2.9, this factor was obtained to be approximately 2000 N for the present
experiments. With the present value for E s the equivalent cross section area of the trusses
representing the thrust lines is estimated as approximately 1.00 mm2. Consequently, the value of
strains along the thrust lines are  (X1X 2 )  ( f H / cos  ) / ( Es As ) and  (X 2 X 3 )  f H / ( Es As ) . In
the present case, the compressive strains at maximum value of f V are  (X 1 X 2 )  0.044 and
 (X 2 X 3 )  0.042 , while the maximum values of compressive strains arise at f V  0 where
 (X 1 X 2 )   (X 1 X 2 )  0.064 .

From the results of Figure 2.10 and the model equation it can be seen that the applied
displacement  * necessary to reach the peak load F * is independent of E s As . The model predicts

 *  10.61 mm (R2 =0.96) . This value also has significance in an overall interpretation of the
experimental data in the form of a cross property plot of F * vs. K , Figure 2.11(a). Experimental
data shown indicate a positive relationship between F * and K which is well approximated by a
linear slope of 8.40 mm. Considering that  *  F * / K the model prediction for  * overpredict
the experimental data somewhat.
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Figure 2.11: Cross-property plots for cellular TIM assemblies: (a) strength, F * vs. stiffness, K; (b)
strength, F * vs. toughness, W. Means and +/- standard deviations for experimental data together
with a linear regression fit to the experimental data, comparison to model predictions.

The cross property relationship between strength F * and toughness W are shown in Figure
2.11(b). Again a positive relationship between F * and W is found in the experimental data, well
approximated by a linear slope of 66.32 m1 (R2 =0.94) . The model predictions of Figure 2.10
can again be used to determine this slope from the area under the ( F / F *   ) record. The model
predicts this value to be 53.43 m 1 , such that the model somewhat underpredicts the
experimental data.

41
In order to account for the cellular characteristics of the TIM, relationships for F * , K, and W need
to be considered in terms of their dependence on the relative density  * . As seen from the model
equations, F  As . The present model describes the deformation response of the TIM monolayer
due to uniaxial deformation of the material in the thrust line. Consequently, properties F * , K, and
W are to scale linearly with the relative density of the unit elements, as the relative density can be
considered to modify the cross section area ( A  As  * ) . Then, the following property-density
relationships emerge

F * (  * )  C1  *

K (* ) 

F * (* )

*

(2.9)

 C2  *

(2.10)

f

W (* ) 

 Fd  C3 

*

(2.11)

0

where C1 , C 2 , C 3 are constants for a given material type and specified number of tetrahedra, and
are equal to the corresponding property values for the TIM assemblies made of dense unit
elements. This result is in agreement with experimental data, Figure 2.5.

2.4. Discussion
In the present paper, experimental results on the mechanical properties of a new class of
microarchitectured materials have been presented. The material is termed cellular topologically
interlocked materials. The results obtained in this study demonstrate that these materials possess
several advantageous properties. It was found that the force-displacement response for the TIM
monolayers exhibited an ideal softening response. In all cases, softening was gradual and the load
dropped continuously to zero. Following from definitions of damage mechanics, such behavior
represents an ideal damage response in which the critical damage value is equal to one. While
such behavior has been demonstrated in the past for TIM monolayers made of dense unit
elements, here it was demonstrated that TIM monolayers with cellular unit elements behave the
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same way. From the viewpoint of weight reduction in materials this behavior is clearly attractive.
For closed cell cellular solids, stretch-dominated behavior ideally predicts a linear variation of
stiffness, strength and toughness with relative density (Evans et al., 1998; Gibson and Ashby,
1997; Sugimura et al., 1997). However, such a dependency is seldom achieved (Grenestedt,
1998; Grenestedt and Bassinet, 2000; Grenestedt and Tanaka, 1998; Simone and Gibson 1998),
and mechanical properties are instead found to be dependent on relative density by a power law
relationship of power two to three. The cellular topologically interlocked materials of the present
study were found to exhibit a linear dependence of mechanical properties on relative density.
This is explained by the dominantly uniaxial compression of the material elements in the thrust
line model. The resulting model analysis predicts a linear variation of mechanical properties with
relative density even though the mechanism is very different from common cellular solids.
In the analysis, the deformation of material located in the thrust lines is used to predict the thrust
forces, and hence the load response and reaction to an applied out-of-plane displacement. By
accounting for the contributions of all the planes wherein a thrust lines exist a model can be
created, which is able to capture the force-deflection response as observed in the experiments. In
particular it is noted that the development of the thrust forces in the load carrying planes is not
synchronous but planes further removed from the load point lag. Once the thrust line reaches a
configuration in which all its three segments are co-linear and orthogonal to the applied
displacement, a situation equal to an infinitesimal mechanism emerges and load transfer ceases.
Even in the presence of in-plane compressive loads this configuration is unstable (Calladine,
1978). The present model only considers elastic deformation in the unit elements. As shown in
Mather et al. (2012), and based on the estimates of strain, this assumption can indeed be violated.
Assuming an ultimate stress for ABS of 50.00 MPa and consequently an ultimate strain of 0.03,
the model presented would at least predict the peak loads well, but would overestimate the
amount of deflection to failure. This seems indeed to be the case when considering Figure 2.10.
An extension of the model to include plastic deformation or damage to the unit elements is
straightforward as the elastic modulus can be substituted by the hardening modulus (or a damaged
modulus) past the point of a critical strain. Another assumption made in the current study is that
of symmetry, both, in the structure, by analyzing a square assembly, and, in the loading
conditions, by applying load at the center of the square assembly. It is shown in the thesis
appendix that the thrust lines develop for both of these cases in a similar manner to that observed
for the symmetric material and loading conditions discussed in the current study. The above
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developed analysis can thus be applied similarly with modifications for asymmetricity by
changing the lengths of the trusses in each of the two orthogonal directions.
Lastly, it is important to mention the stability of the network of shallow truss systems used for the
analytical model viz-a-viz a single shallow truss system that goes through snap through
instability. Although the classical shallow truss system (Humphreys, 1966) has been used to
describe the force response of the TIM assemblies, these shallow truss systems do not go through
the usual snap-through instability (Hsu, 1968) observed for the shallow trusses. As each particular
truss system reaches instability i.e. for   0 , the contribution to the overall force response is
discarded henceforth thus treating the trusses as without any capacity to carry tension. Moreover,
for TIM assemblies, there exists a stabilizing surrounding that allows for force to reach zero as
the displacement increases and the load transfer takes place to the boundaries via multiple load
paths that are possible as shown in Figure 2.9. A snap-through and hence a snap-back leading to
further increase in load after reaching zero force is discarded by incorporating these physical
features into the truss based analytical model.

2.5. Conclusions
Topologically interlocked materials offer a new way of designing materials with tailored material
properties. These materials have several unique features that make them structurally sound and
useful for various applications where strength and toughness are key criteria. Here, the idea of
making TIM assemblies with cellular unit elements has been proposed. The hypothesis that such
materials would possess advantageous mechanical properties was corroborated by the
experimental data, which exhibited linear and positive relationships between strength and
toughness. These results are in contrast to findings on almost all other materials in which strength
and toughness are negatively correlated. The proposed cellular TIM assemblies also suggest the
possibility of creating materials for which the mechanical properties are at the upper bound of
material property variation with relative density. The attractive characteristics of the cellular TIM
assemblies considered arise from the fact that these materials are not true continua, but rather are
formed of discrete elements interacting by contact. To account for these characteristics, an
analysis was applied that extended ideas of the thrust line analysis approach together with
concepts of basic statics. The proposed analysis framework can serve as a starting point to
optimize and expand the properties of topologically interlocked materials. These materials are
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unique in that they are made by the assembly of individual unit elements. When it is considered
that a library of unit element types is available, with each type of unit element potentially
possessing different properties, one can readily envision that combinatory-based approaches to
the design of novel properties and property combinations can open the door to exciting new
materials.
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CHAPTER 3. ADAPTIVE ENERGY DISSIPATION PROPERTIES OF TOPOLOGICALLY
INTERLOCKING MATERIALS

3.1. Introduction
Three main approaches exist to designing new materials- chemistry to create new compounds,
microstructure design, and, microarchitecture (Ashby and Brechet, 2003; Bouaziz et al., 2008;
Fleck et al., 2010; Gibson, 2010). In combination, these three approaches are employed to fill and
expand the material property space (Ashby, 2005). In addition to these passive approaches,
active material concepts further expand the material property space (Chopra, 2002; Garg et al.,
2001; McKnight and Doty, 2010; Spillman et al., 1996; Thompson, 1992). In particular, active
material concepts have the means to respond to external stimuli and thus can occupy separate
locations in the material property space at different times. While the above provide process for
designing materials, the selection of the process is primarily determined by function (Ashby et al.,
2003; Brechet et al., 2001). The current study focused on a novel material concept for enhanced
and adaptive energy dissipation.
From transportation of people to packaging of fragile objects, the ability of the packaging
material to prevent damage to life and property is an important consideration in selection of
materials. The protective capability of a material is measured by its ability to combine the two
conflicting properties of a) large energy dissipation at b) low stress levels. This requires energy
dissipation to occur over large deformations. Non-reversible dissipation of energy (such as plastic
or friction dissipation) is required to prevent the stored elastic energy from damaging the
packaged object (Lu and Yu, 2003). This has mostly been achieved by utilizing thin walled
structures (Alghamdi, 2001), honeycombs and foams (Gao 2005; Gibson and Ashby, 1997;
Karagiozova et al., 2007), and, composite structures (Carruthers, 1998; Farley, 1983; Thornton,
1979). These structures dissipate energy via plastic yielding or fracture. However these structures
are passive and designed based on a given target stress level.
Several studies have been performed to create so called adaptive energy absorbers with
controllable impact stresses (Holnicki-Szulc and Knap, 2004; Mahmood and Baccouche, 1999).
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These studies propose concepts based on multiple axial hydraulics controlling the different
segments of the energy absorbing structure.
Recently, concepts incorporating active materials such as shape memory alloys (SMAs) and
magneto-rheological (MR) fluids within the passive energy absorbing systems have been
proposed to create adaptive energy absorbing structures. Angioni et al. (2011) reviewed the
current state-of-the-art in application of SMA’s in hybrid composites for resistance and
suppression of damage. Holnicki-Szulc et al. (2003) conceptually modeled and analyzed an
adaptive energy absorption system with variable yield strength using sequentially collapsing
micro-trusses connected with micro-fuses which were washers made of SMAs. MR fluids change
their stiffness by shear thickening upon application of the magnetic field (Dyke et al., 1996; Yang
et al., 2002). Deshmukh and McKinley (2007) created and analyzed adaptive energy absorbing
cellular solids whose mechanical properties were modulated by impregnating them with MR
fluids. The energy absorption capacity for the proposed material was seen to vary 50 fold by
changing the magnetic field. A scaling model was also proposed to model the fluid-solid
composite behavior. The model was then used to optimize composite properties based on
application requirements such as headrest with no whiplash. Wereley et al. (2011) theoretically
analyzed MR based energy absorbers to obtain the optimal material parameters for achieving a
soft landing i.e. where the payload comes to rest at the end of the stroke with no large crushing
forces as obtained for foams. The optimal Bingham number that minimized drop-induced shock
loads utilizing large damper strokes was obtained for the MR fluid based smart material.
In this study a design strategy for creating variable stiffness materials for adaptive energy
dissipation at controlled stress levels was proposed by using a new class of materials called
‘Topologically Interlocking Materials’, or, TIM assemblies for brevity. TIM assemblies have
been shown to possess attractive mechanical properties including: (i) high damage tolerance
(Dyskin et al., 2003a; Khor, 2008; Molotnikov et al., 2007), (ii) negative stiffness characteristics
under certain loading conditions (Estrin et al., 2011; Schaare et al., 2008), (iii) variable stiffness
as adjusted by control of external constraint (Brugger et al., 2009; Dyskin et al., 2003a), (iv)
quasi-ductile response obtained from brittle constituent materials (Dyskin et al., 2001; Dyskin et
al., 2003a; 2003b; 2003c), (v) remanufacturability (Mather et al., 2011), and, (vi) advantageous
variation of stiffness, strength and toughness with variation in relative density of unit elements
(Khandelwal et al., 2012). Past work demonstrated the effect of change of lateral load on the TIM
stiffness and load carrying capacity. Dyskin et al. (2003a) showed that if the lateral load on the
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boundaries was increased, then the material became stiffer and stronger. Schaare et al. (2008), by
selected finite element (FE) simulations on TIM assemblies assembled of cubes, showed that the
peak force achieved before softening occurs was directly proportional to the initial preload on the
material. However, a controlled variation of stiffness and energy absorption characteristics, and,
an accompanying analysis was missing.
TIM assemblies can be seen as 2D ordered granular crystals. Granular crystals possess pressure
dependent characteristics (Goncu, 2012) that have been used for creating adaptive stiffness
materials such as a gripper (Brown et al., 2010) or malleable and shape-changing devices
(Follmer, 2012). The mechanical properties of these granular materials are determined by
controlling the external pressure. The load transfer inside these materials is analyzed via force
chains (Goldenberg and Goldhirsch, 2002; Mueggenberg et al., 2002). In Khandelwal et al.
(2012; 2013) the mechanical properties of TIM assemblies were determined using a similar
concept called thrust line analysis approach, historically used in the development of arches and
domes (Heyman, 1966).
The current study explored the adaptive response of TIM assemblies under quasi-static loading.
The active control of out-of-plane force and stiffness response of TIM assemblies, and hence their
energy dissipation capacity, was demonstrated. This was achieved by active control of the inplane force (via actuation of external constraints). Experiments were performed to measure the
simultaneous variation of transverse force, applied displacement and in-plane force while
maintaining a predetermined stiffness over large deformations. Positive, zero and negative
stiffness are demonstrated. A previously developed analytical model capturing the deformation
characterisitcs of TIM assemblies (Khandelwal et al., 2012; 2013) was further enhanced to
incorporate active control of the mechanical response and thus the energy absorption. An
incremental computational code based on the model was developed, and model results were
compared with experiments. Finally, case studies are discussed demonstrating potential
applications of such variable stiffness, energy dissipation TIM assemblies.

3.2. Methods And Materials
Topologically interlocked materials were created as assemblies of regular tetrahedral unit
elements. The edge length of the tetrahedral elements was a0  25.00 mm . Unit elements were
manufactured in a 3D printer, Dimension SST 1200 (Stratasys Inc.), by fused deposition
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processing. A polymer (ABS P400) was deposited layer-by-layer with a print layer thickness of
0.25 mm. The room temperature elastic modulus of the printed polymer was Es  1827.00 MPa .
The glass transition temperature was Tg  104.00  C (matweb, 2013), thus for the experiments
conducted at room temperature, time dependent deformation processes was negligible.
Monolayers of the topologically interlocked material were created by assembling 49 identical
tetrahedra in a dense 2D packing in the shape of a square lattice pattern (Conway and Torquato,
2006). Each tetrahedron was supported by four surrounding tetrahedra, two in each lateral
direction preventing motion in either transverse direction; see Figure 3.1(a). The assembly
process was facilitated by the use of a template consisting of 8  8  64 square pyramids arranged
on a square grid. Subsequently, the assembled monolayer was confined by the use of abutments
placed along its edges, see Figure 3.1(b). The abutments were also made in the 3D printer from
ABS P400. The abutments were of prismatic shape and possessed a wedge shape cross-section
such that they engaged with the sides of the monolayer as demonstrated in the cross-sectional
view of Figure 3.1(c). The assembled monolayer specimens possessed an edge length at the top
and bottom surfaces of LU  ( N  1) a0 / 2  100.00 mm . The mid-plane section was a square of
edge-length L0  Na0 / 2  87.50 mm . The thickness, h  a0

2  17.68 mm , of the monolayer

was equal to the edge-to-edge distance in the unit tetrahedron.
Specimens were placed into a test frame machined from aluminum, Figure 3.1(b). Two adjacent
abutments were fixed in space so as to support the pressure sensors behind them, and, the two
opposing abutments were displaced in the assembly plane, orthogonal to the axis of the
abutments. Care was taken to apply displacement to the material symmetrically even as the
abutment displacement was asymmetric in the plane. The in-plane actuation and thus the control
of the confinement of the TIM assemblies was achieved by the use of a pair of screws (ZincPlated alloy Steel socket head cap screw 3/8"-16 thread, 2" length) per moving abutment. These
screws acted onto steel shims inserted between the moving abutments and the aluminum fixture.
The in-plane confinement forces were measured by using thin film force sensors (FlexiForce
Model A201) placed between the fixed abutments and the supporting fixture. The fixed
abutments possessed two extrusions on the back face each of diameter equal to that of the force
sensor. Each sensor possessed a maximum load rating of 50.00 N such that a maximum in-plane
confinement force of 100.00 N was possible. The in-plane force, FH , was reported as the average
of the force readings measured in the two in-plane directions. A small initial preload, FP  8.00 N
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, was applied to hold the assembly together due to the presence of manufacturing tolerances and
presence of gravity. Once the preload was set, specimens were placed in the test system, Figure
3.1(c), such that a displacement was applied to the three centrally located tetrahedra, see Figure
3.1(b). The test system was assembled using a manually actuated translation stage, a load cell
(range: 50.00 N , sensitivity: 0.002 N, PASCO scientific) and a displacement gauge (range: 0.00
mm – 50.00 mm, sensitivity: 0.001 mm, PASCO scientific). Force, displacement, and, pressuresensor readings were recorded concurrently at a frequency of 5.00 Hz.
Initially, all the abutments were kept fixed and the TIM assemblies were loaded until the
transverse force reached the specified control value, Fc . Upon reaching this force, the system
was controlled such that the desired transverse stiffness response, KT , was obtained. For a
desired stiffness response, KT , one obtains the force response, FT , at a given applied
displacement,  , as, FT  Fc  K T      , where   is the displacement at which the material
response first reaches Fc . If the transverse force, F , differed from the desired response, FT , by
more than the defined tolerance, F  5.00 N , the in-plane load, FH , was altered by rotating
the screws, which push on the shims and hence the abutments, so as to obtain the required force
response. All the four screws were rotated in sync by manual adjustment.

0
Experiments focused on control of stiffness as KT  KT  1.50 N/mm , KT  KT  0.00 N/mm ,

0
and, KT  KT  2.50 N/mm . Experiments primarily considered Fc  30.00 N . Results for KT

are also shown for Fc  20.00 N as comparison. For each load cases considered, four repeats
were performed. One typical result for each load case is discussed in detail in the subsequent
section. Repeatability of the experiments is demonstrated in the chapter appendix.
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(a)

(b)

(c)
Figure 3.1: (a) The inteerlocking arraangement of inndividual uniit elements, (bb) Top view oof
topologically
y interlocked material, and
d (c) Schematiic of the test sset-up. Doublle-headed arroows
show th
he direction oof actuation.
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3.3. Model
Topologically interlocked material assemblies are a class of granular crystals. In granular material
systems load transfer occurs normal to contacts creating force chains in the material. In an
ordered granular system, such as in TIM assemblies, the geometry of the force chains can be
established deterministically. By combining this insight with the concepts of thrust line analysis,
used in the analysis of arches and domes, and, recognizing the static indeterminacy of the
deformation problem at hand, a framework for the predictions of the mechanical properties of
TIM assemblies was developed in Chapter 2. Here this concept is expanded to TIM assemblies
with active control.
Figure 3.2(a) shows the TIM in isometric view. Figure 3.2(b) shows the section views for the
planes of type 1 and 2 marked in Figure 3.2(a). As a displacement,  , is applied centrally to the
TIM, the boundary tetrahedra in planes of type section 1 push against the abutments which
restricts the rotational motion, thus transferring compressive forces along the unit elements to the
top edge of the central tetrahedron. For planes of type section 2, the abutments do not restrict the
rotation thus creating no compressive forces. This situation would reverse if the load were to be
applied in the opposite direction wherein the planes of type section 2 would carry the loads for
the same reason as stated above for section 1. As the displacement is applied, hinges, about which
the rotation of the tetrahedral elements takes place, are formed between the boundary tetrahedra
and the abutments, and, the central tetrahedra and the neighboring tetrahedra.
A model based on thrust line analysis was created to analyze the deformation mechanics of TIM
assemblies. The basis for the model is captured in Figure 3.3 which shows the deformation in a
thrust plane of the type section 1. Thrust lines were modeled as trusses connected by hinges at the
location of contacts. The out-of-plane force contribution of all the planes of type section 1 was
combined to obtain the total out-of-plane response. In the current study the analytical model
continues the use of symmetry as implemented in Chapter 2.
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(a
a)

(b)
Figure 3.2: (a) A representaative TIM witth the two alteernating corsss-section plannes marked. (bb)The
alternating crross-sections present in thee TIM assembbly taken by sslicing into thhe plane alongg the
top edges of the teetrahedra.
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Figure 3.3: Thrust line based analytical model for TIM assemblies. Boundary displacement was
implemented in two half-steps from increment i to (i  1 2) and (i  1 2) to (i  1) . Symmetry
was assumed.
There exists a unique relationship between the geometrical parameters (unit element edge length
and assembly lengths), displacements, and, the resulting loads. The effect of changing the inplane force is in essence the same as changing the length of the trusses in the model. For the
current study, the previously described analytical model for TIM assemblies in Chapter 2 was
modified by introducing the parameter, u B , the displacement of hinge location X1 in +X
direction, i.e. towards the TIM center. Correspondingly  u B

represents the outward

displacement, i.e. away from the TIM center. The location of hinge at X 4 was changed
symmetrically.
An incremental model is obtained by calculating by obtaining forces at small increments of
applied displacements. For an incremental displacement in the thrust plane,   , at increment i ,
using the analysis presented in Chapter 2 the force response was obtained as:
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where f H and f V are the in-plane and out-of-plane forces generated in the thrust plane,  i is the

inclination of truss X 1 X 2 (and similarly, X 3 X 4 ) with the X direction,

x , y 
i
0

i
0

are the co-

ordinates of hinge at X 2 , A is an equivalent cross-sectional area of the thrust line and E is the
Young’s modulus of the material of which the unit elements are made. The total out-of-plane
force, F i , was then obtained as,

fi
Fi
 2 V  P1   4
EA
EA

N 1 / 2


i2

f Vi
 Pm 
EA

(3.2)

where Pm denotes the m th thrust plane and m  1, 2, , ( N -1) 2 in a TIM assembly made of
N  N unit elements with m  1 being the central plane and m  ( N -1) 2 being the outermost

plane. The displacement, ( Pm ) , of the central tetrahedron in each plane, Pm , was,
 ( N  1)

 2  ( m  1) 

 ( Pm )  
 .
( N  1)


2



(3.3)

At any given increment, i , the stiffness, K  dF d  , of the TIM assemblies was obtained via
backward numerical differentiation as,

Ki 

F i  F i-1
.
 i   i-1

(3.4)

The in-plane displacement, uBi+1 , at increment  i  1 was then updated using the following rule:
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where K is the tolerance on the target force, FT . The modification in u B for F i FT K was
not required since for a given value of u B , i.e. if boundaries are kept fixed, stiffness only
increases with increasing applied displacement until catastrophic failure occurs due to kinematic
instability i.e. when, for outermost plane,  ( P(N-1)/2 )  0 . This occurred when the deformation in
that plane reached  ( P(N-1)/2 )  h , where h  a0

2 is the thickness of the TIM assemblies.

The model was solved explicitly. Hence the length parameters were changed before the forces at
increment (i  1) were obtained. This can be imagined as being done in two half-steps (Figure
3.3) such that at increment (i  1 / 2) the hinge was displaced by uBi+1 and subsequently kept
fixed at increment (i  1) . At increment (i  1) one thus obtained,
 x0i+1  X i+1 ,Yi+1  , y 0i+1  X i+1 ,Yi+1     x i  X i ,Yi    u B , y i  X i+1 ,Yi+1   .

 


This new
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(3.6)

was then incorporated in Eqs. (3.1a,b) and the total out-of-plane force

response was subsequently obtained using Eq. (3.2). This process was repeated until F  0 at a
displacement,    f .
The model provides normalized force response, F EA , as an output. The analytical model was
thus calibrated with a physical experiment with fixed constraints such that the peak force, F * , for
the model and the experiment are quantitatively the same. The calibrated model was subsequently
used to predict the stiffness response for variable stiffness experiments.

3.4. Results
A representative F   response for each of the load cases considered in this study is shown in
Figure 3.4. The results demonstrate the ability of TIM assemblies to dissipate energy over large
deformations at constant stiffness; positive, zero, and negative. The initial stiffness, with
abutments fixed, was found to be K  10.00 N/mm . The stiffness control was performed once Fc
is reached. Henceforth, the data was obtained by maintaining the force within a tolerance of
 5.00 N from the desired force which results in a small band in which the data exists until

reaching a critical deflection,  c , dependent on Fc and K T , beyond which materials’ load
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carrying capacity started decreasing. The response for adaptively controlled TIM assemblies was
enveloped by the response obtained for material with fixed constraints (Khandelwal et al., 2012)
For the active control experiments,  c was seen to be larger than the critical deflection,  * , for
the material with no control at which peak load is obtained. For K T  0.00 N/mm load cases,  c ,
signifies the maximum plateau strain that can be obtained from the material at the given control
force. The presence of slip between the elements leads to sudden large drops in the force. The
deflection,  f , at which the actively controlled materials lost their load carrying capacity, was
seen to be less than that observed for the experiment with fixed constraints.
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KT = 0, Fc = 20 N
KT = 0, Fc = 30 N
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Figure 3.4: Measured F   response for the physical experiments with controlled constraints.
Response obtained from material with fixed constraints (Khandelwal et al., 2012) gives the
envelope of available F   space.

0

Four repeats of each experimental condition, KT , KT and KT , were conducted, Figure 3.5. The


subsequent figures show Run 1 for KT0 , Run 2 for KT , and, Run 3 for KT to present the common

trends observed among all the corresponding experiments.
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Figure 3.5: Repeatability of experiments for the three load cases discussed in the study, (a)


K  0.00 N/mm , (b) KT  KT , and, (c) KT  KT . In-plane force sensors failed during Run 4 for

KT  KT .
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Figure

3.6(a)

shows

the

experimentally

obtained

out-of-plane

force

response

for

K T  0.00 N/mm , and, Fc  20.00 N and 30.00 N . The response for Fc  20.00 N showed larger

critical displacement,  c , than that obtained for Fc  30.00 N . For both the values of Fc , the
material reached a loss of load carrying capacity for nearly the same critical displacement,
 f  22.00 mm .

The incremental model was calibrated using the F   response of the physical experiment with
no control by matching their corresponding peak force, F *  116.00 N which resulted in a
calibrating factor, EA  116.00 76.14 N  1.52 N to be used in Eq. (3.2). Equation (3.4) was
used to control stiffness with controlling parameters: K  1.05 , and,  u B  0.02 mm . Figure
3.6(b) shows model predictions for K T0 for the given Fc . The critical deflection,  c , was again
seen to increase for decreasing Fc . The results demonstrated that the loss of load carrying
capacity occurred for  f  35.35 m m corresponding to 2 h where h is the thickness of the
material.
The in-plane force response for the K T0 load cases with critical force, Fc  20.00 N and 30.00 N
for the physical experiments are shown in Figure 3.6(c). A small drop in the force was observed
at the start of the stiffness control followed by a gradual increase in the force reaching a peak for
the displacement,  c . After reaching the peak, a steep decline in the load was observed with the
in-plane force decreasing to zero at the displacement  f .
The analytical model, Figure 3.6(d), gave a qualitatively similar response with the absence of the
drop at start of stiffness control. The analytical model reached Fc for a lower in-plane force and
*
smaller deflection but eventually reached a higher in-plane force peak, FH , at a displacement

  c .

The vertical and in-plane force response for controlling the TIM assemblies to obtain a secondary
positive, and, a negative stiffness response once the critical force, Fc  30.00 N is reached are
demonstrated in Figure 3.7(a-b). For the secondary positive stiffness control, the stiffness was


kept at KT . For the negative stiffness control the stiffness was controlled at KT . The critical

displacement at which the material loses its load carrying capacity for the KT experiments was

again found to be the same as for the K T0 experiments.
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The F   response obtained from the analytical models for various KT and Fc are summarized
in Figure 3.8. These results show that for TIM assemblies, the energy that can be absorbed, W ,
and, the out-of-plane force at a given applied displacement, F , was limited by the F  
response for the material with fixed constraints. It was also seen that for K T0 ,  c decreased
linearly with increase in Fc reaching the displacement,  * , at which maximum force, F * , is
obtained for TIM with no boundary control. Figure 3.9 shows the out-of-plane components, f V ,
of the thrust force for K T0 , Fc  30.00 N . Figure 3.9 shows the three distinct zones in which
slope transitions take place due to sequential loss of load carrying capacity of the thrust planes P1
to P3 It was observed that for the outermost plane, P3 , f V  P3  initially decreased before gaining
once the contribution of the central plane, P1 , started decreasing in order to maintain the zero
stiffness. Figure 3.10 shows the energy absorbed for K T0 load cases with the dotted line following
the maximum energy that can be absorbed at the required Fc . This line had a decreasing slope as
*
Fc increased leading up to the peak force, F , of the response for material with fixed constraints.
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Figure 3.6: Experimental results and analytical model predictions for K T  0.00 N/mm ,
Fc  20.00 N and 30.00 N Shown are response for out-of-plane force from (a) experiments, (b)
model, and, in-plane force from (c) experiments, (d) model with increasing applied displacement.
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Figure 3.7: Experimental results and analytical model predictions for KT  0 and KT  0 , and,
Fc  30.00 N . Shown are response for out-of-plane force from (a) experiments, (b) model, and,
in-plane force from (c) experiments, (d) model with increasing applied displacement.
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Figure 3.8: Predicted F   response for different KT and Fc from the analytical model. The
dotted line connects values of  c .
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Figure 3.9: Predicted out-of-plane components, f V , of the thrust force for KT0 , Fc  30.00 N .
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Figure 3.10: Energy dissipation diagrams for KT0 . The dotted line shows maximum W for a
given Fc .

3.5. Discussion
Ideal energy dissipating structures solve the conflicting requirements of large deformation and
low stress. TIM assemblies provide a means to create such materials which can absorb energy at
varying force (and hence stress, since the cross section area does not change) and stiffness
magnitudes over large deformations. In contrast, foams, the most common energy absorbing
material used, are manufactured to a unique maximum stress and plateau strain making it
necessary to produce multiple foams each acting as an ideal foam for the given load requirements.
Using a material like TIM assemblies that can be controlled for yield strength (peak stress) under
varying load requirements will thus save materials and manufacturing costs of time and labour.
The peak force and stiffness were controlled by controlling the in-plane force via actuation of
external constraints. Figure 3.10 shows the energy absorption curves for various desired force
levels at constant stiffness, KT0 . The curves are in contrast to those observed for foams (Gibson
and Ashby, 1997) where beyond the maximum plateau strain, due to densification, the stress
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increases sharply without much further increase in energy absorption. For TIM assemblies, the
force declines while energy absorption is still significant. In fact, due to this property, TIM
assemblies might be a better solution for applications where the stress cannot be allowed, under
any circumstance, to go beyond a critical value while energy dissipation can be maintained.
The physical experiments, and, the analytical models demonstrated constant  f for varying Fc .
These observations can be attributed to the fact that  f is dependent on the unit element edge
length, a 0 , and the number of unit elements, N , in the assembly and is independent of the
applied in-plane force. It was also observed that while the out-of-plane force remained constant,
the in-plane force increased continuously reaching a peak for a displacement later than  c . This
can be explained by Eq. (3.1b) which implies that to maintain a constant out-of-plane force, the
in-plane force will have to increase since 

is constantly decreasing with increased

displacement.

It was also observed for KT0 and KT load cases that while the out-of-plane force decreased, the in-

plane force still existed. This too can be explained by Eq. (3.1b) which shows that the loss of load
carrying capacity, i.e. out-of-plane force, occurs at   0.00 even while FH remains non-zero.
At this point, due to catastrophic failure of the material, the in-plane force drops instantly, as seen
in the experiments.
The model gave a good qualitative and quantitative match with the experimental results.
Differences were, however, observed in the magnitude of the critical deflection,  f , and, the
peak in-plane force, FH . The difference in the displacement at failure,  f , between experimental
results and analytical model predictions can be explained by the presence of slip which is ignored
in the model. For an ideal case of no-slip, as considered in the model, the material will lose its
load carrying capacity at  f  (( N  1) / 4) h where h  a0

2 is the thickness of the material.

As described earlier, this happens as the outer most plane, P N 1 2 , of the type section 1 goes





through instability i.e. when the deflection,  P N 1 2 , of the central tetrahedral in that plane
reaches a value of h. For the case of N  7 , as studied in this paper, this happens for plane P3 at

  2h , Eq. (3.3), at a deflection of  f  35.35 m m for a 0  25.00 mm . Furthermore, for TIM
assemblies with finite friction,  will reduce faster with  due to slip than for ideal TIM
assemblies with no slip. Thus, at a given displacement,  , for the same given out-of-plane force,
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FV , the TIM assemblies with no-slip will have a larger  and hence a smaller FH , Eq. (3.1b).
FH which will then reach peak value at a later displacement.

A major implication of the above results is that, for the ideal no-slip condition, as modeled
analytically, mechanical properties (strength, stiffness and toughness) of a given TIM (i.e. fixed
a0 and N ) under quasi-static loading are uniquely determined by two variables: a) the in-plane

force, FH (and hence the external constraint displacement, u B , for perfectly rigid abutments),
and, b) the applied displacement,  . Thus the out-of-plane force response can be seen as a “state”
where this state is determined by the combination of in-plane force, and applied displacement. An
important outcome of this result is that for TIM assemblies with no-slip, the model provides the
required in-plane load that can be used as an input in a physical material system to obtain the
desired stiffness response. This model thus provides an algorithm based on which the smart
system composed of the pressure sensor-TIM-microcontroller-actuator components shall
function. Figure 3.6(d) and Figure 3.7(d) show the in-plane force predicted by the analytical
model that can be used as inputs for such a smart system. Now, since the in-plane force (via
boundary displacement) can be controlled precisely, one can obtain materials with actively
controllable force response and hence materials with actively tunable stiffness and strength.
Furthermore, the actuation response of these materials is instantaneous as the material reacts with
a change in out-of-plane force as soon as the change in the in-plane force is detected.

3.5.1. Case Study
The paper has so far demonstrated the adaptive energy dissipation of TIM assemblies with control
of peak force and stiffness. A few potential applications of the TIM assemblies utilizing these
properties are now discussed. Although several design considerations such as size and number of
TIM elements to be used, packaging, system integration, and, selection of constituent material
used to manufacture the particular TIM elements will need to be investigated prior to realizing the
physical systems proposed, nevertheless, the following case studies serve as conceptual designs
based on which novel smart systems using TIM assemblies can be designed.
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3.5.1.1. Bumper And Door Panel For Vehicle Crash Protection
Bumpers and door panels in automotives are designed so as to dissipate energy plastically in the
event of a car crash. Plastic deformation prevents spring back of the impacted material. However,
the transfer of acceleration forces to the passenger is not necessarily mitigated. This conflicting
requirement demands an active energy dissipation structure. Several studies have been performed
to create such adaptive structures. Witteman (2005) presented a frontal structure system which
was adaptive to many different impact conditions, such as full, offset and oblique impacts at high
or low velocity. This smart structure with adaptable stiffness based on adjustable friction forces,
generated between controllable hydraulic brakes and two rigid backwards moving beams, before
and during the crash was proposed as a solution for the conflicting requirement of variable
optimal energy absorption and peak transmitted force. Bielecki et al. (2001) proposed a concept
and a design tool for an adaptive deployable car buffer. These authors theoretically studied the
energy absorption capacity of a truss structure equipped with energy dissipating units or dynamic
structural fuses, which were plastic-like and whose yield stress could be controlled. It was found
that after optimizing the yield stress distribution, the total energy absorption capacity increased by
more than three fold. Holnicki-Szulc et al. (2003) extended this idea of truss-like adaptive
structure and presented a concept of high performance variable yield stress, energy absorbing
material called adaptive multi-folding micro-structure. Those ideas have been considered to
propose adaptive energy absorbers in Holnicki-Szulc and Knap (2004).
Adaptive TIM assemblies offer a novel solution to the conflicting requirement of energy
dissipation and low force transfer. For the current study, these materials are envisioned to be
packaged between a single air tube that encloses the material along the lateral boundaries. The
confinement pressure will be changed actively by controlling the air pressure inside the tube
much like the vacuum bag for the granular materials in Brown et al. (2010) and Mueggenberg et
al. (2002). These packaged adaptive TIM assemblies can be envisioned as part of front and back
bumpers, and, side door panels Figure 3.11(a)) of a vehicle. These components will deform
plastically while maintaining low stress levels thus dissipating energy over large deformations.
The energy from transverse impact is converted into heat due to friction and also transferred
laterally into the boundaries thus preventing damage to the humans/objects inside. The material
response is shown in Figure 3.11(b). Energy is absorbed while keeping stress below critical level.
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or the same TIM with fiixed abutmen
nts. This low
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f
and dissplacement ffor adaptive TIM assembblies was how
wever
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T
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which provides the
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dissippation while kkeeping low stress levelss. The
ex
xperimental results
r
were replicated ussing a thrust line based aanalytical model, similar tto the
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force chain analysis used for 2D granular materials, wherein the in-plane force is controlled by
changing the location of boundary and hence truss lengths actively. The analytical model
predictions for critical displacements,  c , and,  f , matched those seen in experiments. The
analytical model results imply that the force response of the TIM materials, for an ideal no-slip
condition between interfaces, is directly dependent on the in-plane force and amount of applied
out-of-plane displacement. The significance of this precise control of physical response for the
ideal TIM is realized in creating an algorithm for in-plane force actuation in a smart system. For
TIM assemblies with finite slip, however, there will be hysteresis effects associated with
frictional dissipation that will have to be taken into account. Finally, a few potential applications
of adaptive TIM assemblies as energy dissipating structures were discussed. Specifically
applications as vehicle bumpers and side door panels for occupant protection, and, as negative
stiffness catching mechanism are envisioned. A novel strategy to design adaptive energy
dissipation structures is thus presented.
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CHAPTER 4. SCALING OF THE ELASTIC BEHAVIOR OF 2D TOPOLOGICALLY
INTERLOCKED MATERIALS UNDER TRANSVERSE LOADING

4.1. Introduction
Ordered assemblies of geometrically regular unit elements have attracted significant attention
recently. The enormous richness of unit elements to consider for assembly and the potential
complexity of resulting assemblies was demonstrated in Damasceno et al. (2012). Photonic metamaterials created by self-assembly of arrays of micrometer-sized polyhedral particles Clark et al.
(2001) have been demonstrated to possess interesting optical properties (Randhawa et al., 2010).
Granular crystals as ordered structures of non-cohesive unit elements in the form of spherical
beads of millimeter range diameters were found to possess attractive wave propagation
characteristics, e.g. (Nesterenko, 2001; Daraio et al., 2005; Merkel et al., 2010; Goncu et al.,
2012). The attractive properties of granular crystals are, however, not limited to their dynamic
mechanical or optical characteristics, and the details of quasi-static load transfer through granular
crystals have been considered in Mueggenbur et al. (2002), and, Goldenberg and Goldhirsch
(2002). Furthermore, contact interfaces are well understood to provide a mechanism for crack
arrest such that a defect nucleated in one unit element of a granular crystal does not propagate
into its neighbors, thus causing only local but not global failure. This is known as the principle of
topological toughening (Ashby and Brechet, 2003). This mechanism forms the very basis of the
strength and toughness of a large variety of natural structures (Mayer, 2005) such as fish scales
(Liu et al., 2010; Zhu et al., 2011), spinal columns in vertebrates (Levin, 2002), the armor of
turtles (Krauss et al., 2009) and arthropods (Budd, 2001). These structures impart local hardness
with global flexibility, damage tolerance and capability for locomotion depending on their
functional and habitat requirements. Granular crystals based on spherical beads do not have the
capability of carrying transverse loads. However, such a capability is clearly relevant and evident
in the biological examples listed above. Topologically interlocked materials - TIM assemblies are a class of granular crystals that resists transverse loads (Dyskin et al., 2003a). These systems
are structured assemblies of polyhedral shaped unit elements interacting with each other by
contact and embedded within a constraining framework. Historically, TIM assemblies possess a
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connection to the flat vault design proposed by J. Abeille at the end of the 17th century. Thereby a
square tiling is obtained through translation and rotation of a single type of polyhedron having
two orthogonal cross sections (both vertical and passing through the centroid) in the shape of
isosceles trapezia with the longer bases at opposite sides. These assemblies can carry transverse
loads, but due to their geometric characteristics can be loaded only in one transverse direction.
For details on this system see the recent reviews by Fleury (2009), and, Brocato and Mondardini
(2012). Later, Glickman (1984) proposed another specific form of planar contact-based
assemblies of unit elements, called G-blocks, in the context of pavement technology.
Topologically interlocked materials (TIM assemblies) possess attractive mechanical properties
including: (i) quasi-ductile response obtained from brittle constituent materials (Dyskin et al.,
2001; Dyskin et al., 2003a; Dyskin et al., 2003b; Dyskin et al., 2003c), (ii) high damage tolerance
(Dyskin et al., 2003b; Khor, 2008; Molotnikov et al., 2007), (iii) negative stiffness characteristics
under certain loading conditions (Estrin et al., 2011; Schaare et al., 2008), (iv) variable stiffness
as adjusted by control of constraint (Dyskin et al., 2003b; Brugger et al., 2009), (v)
remanufacturability (Mather et al., 2001) and (vi) advantageous variation of strength, stiffness
and toughness with the relative density of the unit elements (Khandelwal et al., 2012).
The present study addresses the mechanical stiffness of TIM assemblies subjected to transverse
loading. In this sense the study aims to develop a theory equivalent to that of the (Kirchoff-Love)
theory for the deflection of (thin) plates (Timoshenko, 1959; Young and Budynas, 2002) and aims
to offer a closed form scaling law expressing structural stiffness in terms of geometric parameters
of the topologically interlocking granular crystal and elastic properties of the unit elements.
Schaare et al. (2008) and Brugger et al. (2009) employed the finite element method to analyze the
elastic response of TIM assemblies. Brugger et al. (2009) compared two TIM assemblies of the
same external dimensions but made of different sized unit elements, and obtained a lower
stiffness for the TIM made of the smaller sized elements. Still, such models only predict the
properties of specific configuration of the granular assemblies and the insight gained is not
general. One attempt to develop a generalized, closed form model for the prediction of the elastic
properties of TIM assemblies was undertaken in Dyskin et al. (2003c). In that approach KirchoffLove plate theory was used, and TIM specific characteristics were incorporated by adjusting the
second area moment. That approach lead to a scaling law for TIM assemblies following that of
thin plates. However, by employing a plate bending theory appropriate for a continuous solid, this

71
approach does not account for the fact that no tensile stresses can be transmitted across the
contact surfaces between the individual unit elements in a TIM.
In Khandelwal et al. (2012) a model for the mechanical behavior of TIM assemblies was
developed in the context of thrust lines or force chains. The thrust line concept is well established
in the analysis of stone structures such as arches and domes where self-weight is required for
structural stability (Block et al., 2006a; 2006b; Block and Ochsendorf, 2007; Boothby et al.,
2007; Casapulla and D’Ayala, 2001; Heyman, 1966; Huerta, 2001; Livesley, 1992; O’Dwyer,
1999). The thrust line analysis and its associated limit load considerations comprise a strictly
geometry-based analysis and do not take into consideration material properties. Similarly, random
granular systems exhibit the formation of distinct force chains along contact points when
subjected to external loads. For the topologically interlocked materials under consideration here
and considering the suppression of slip between unit elements, the analysis of a thrust line (or
force chain) system makes it possible to determine the scaling law of the mechanical stiffness of
TIM subjected to transverse loading. In Khandelwal et al. (2012) this approach was applied to
predict the mechanical behavior of one specific assembly of 7  7 tetrahedral unit elements, and
good agreement between experimental observations and the model was obtained. Here, this
model is briefly introduced again for the sake of completeness. Subsequently the model is
linearized such that the initial stiffness of any TIM configuration based on tetrahedral unit
elements can be predicted.

4.2. Material
TIM monolayers are considered by assembling N  N identical tetrahedra of edge length a0 in a
square lattice pattern (Dyskin et al., 2001; Dyskin et al., 2003 a, b). In such an assembly each
tetrahedron is supported by four adjacent tetrahedra, two in each lateral direction thus preventing
motion in either transverse direction, Figure 4.1(a). Elements 1 and 2 prevent the locked element
from moving downwards while elements 3 and 4 prevent the locked element from moving
upwards. By repeating this pattern, one obtains the overall assembly, Figure 4.1(b). This pattern
equals the densest possible packaging of tetrahedra in a planar configuration (Conway and
Torquato, 2006).
The thickness, h , of the structure is equal to the edge-to-edge distance in the unit tetrahedron,

a0 / 2 . The in-plane dimension of the assembly, Figure 4.1(b), is span, L0  Na0 / 2 .

72
2

(a)
1

3

2
1

4

(b) N×N=7×7

Figure 4.1: (a) Assembly process of tetrahedra unit elements leading to topological interlocking.
(b) Example of a TIM assembly with 7  7 unit elements.

Figure 4.2(a-c) show several TIM assemblies. The 7  7 assembly is considered as the reference
assembly as it is the assembly with the smallest number of unit elements exhibiting all necessary
features needed to develop the mechanical model for larger sized TIM assemblies. The TIM
assemblies in Figure 4.2(a) are of increasing span, L0 , but possess constant unit element edge
length, a0 . In these configurations, the thickness is constant and the number of unit elements in
the assembly increases as L0 is increased. Figure 4.2(b) shows TIM assemblies for which the
span L0 is constant but a larger number of unit elements is packed in the same square area. The
unit element edge length, a0 , therefore decreases relative to the reference unit element edge, a0* ,
of the reference 7  7 assembly. Hence the TIM thickness decreases as well. Figure 4.2(c) shows
TIM assemblies with varying unit element edge length, a0 , while keeping the number of
tetrahedra in each direction of the square assembly, N , and hence the aspect ratio, a0 / L0 ,
constant.
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(c)

N×N= 7×7

a0  2a0*

a0  a0*
a0  2a0* 5

Figure 4.2: (a) TIM assemblies with varying span, L0 , but constant unit element edge length, a0 .
(b) TIM assemblies with constant span, but varying unit element edge lengths. (c) TIM
assemblies with varying span but constant number of tetrahedra in each direction, N, and hence
constant aspect ratio, a0 / L0 .

4.3. Theory
The TIM assemblies as depicted in Fig. 2 are confined along their edges. Figure 4.3(a) depicts
such a confined TIM in an assembly of 7  7 unit elements. In line with terminology of structural
mechanics, the confinement is termed abutment. The abutments are of prismatic shape and
possess a wedge-shaped cross-section such that they engage with the assembly as demonstrated in
the two cross-sectional views of Figure 4.3(b). By virtue of the alternating arrangement of the
unit elements, cross-sections (1) and (2) occur periodically in the assembly, Figure 4.3(a).
As a displacement,  , is applied centrally to the TIM in the Y  direction, the tetrahedra located
along section 1 planes (indicated as planes P1 , P2 and P3 in, Figure 4.3(a)), transfer forces to the
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resisting abutments. In this case the spatial arrangement of tetrahedra located along section 2
planes do not allow for load transfer to the abutments. For a displacement applied in the Y 
direction section 1 and section 2 planes are interchanged in their role in load transfer, such that
the overall analysis presented subsequently remains in place. As the applied displacement is
increased, the deformation of the assembly occurs by elastic compressive deformation of the
tetrahedra and by opening of the contacts between unit elements. As a result of opening of the
contacts four distinct hinges form. Two of the hinges are located between the tetrahedra adjacent
to the abutment and the abutments, and two hinges are located between the central tetrahedra to
which the load is applied and its two neighboring tetrahedra. Consequently, the thrust line in
section 1 extends from the hinge at the abutment to the hinge at the edge of the central
tetrahedron, across that tetrahedron, to its edge and then to the abutment again. For the analysis
of the deformation of the TIM, one truss element is placed along each of the three segments of the
thrust line. Thrust lines form in multiple planes (for the 7  7 assembly in sections
P1 , P2 and P3 ), such that the overall response of the TIM emerges from the combined response of

multiple such 3-member truss system. The sum of all vertical components of the thrust forces in
all planes then equals the reaction force F for an applied displacement  .
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Figure 4.3:
4 (a) A reprresentative TIIM and the abbutments suppporting the TIIM. (b) Two
characteristtic cross-sectiions of the TIM
M.

Figure 4.4 dep
picts the detaails of a truss configurati on to be anaalyzed. The ttwo lateral truusses,
i
and cu
urrent lengths of r0 and r,, respectivelyy, while the ccentral
X1X 2 and X 2 X 3 , possess initial
trruss, X 2 X 3 , in
nitially is of length a0 and
d of current llength, a. Thee truss end pooints X1 to X 4 act
ass pivots and are
a constraintt against disp
placement. Thhe points X 2 and X3 posssess equal veertical
diisplacements.. As the centrral unit elemeent is displaceed vertically bby a local valuue of displaceement
mechanics of material prinnciples
 , a statically indeterminatte configuratiion arises. Fuundamental m
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under consideration of statically indeterminacy can be used to solve the problem at hand, and to
correlate  to the horizontal and vertical components of the thrust forces, f H and f V . The
compatibility conditions for the configuration are
2 r cos   a  2l0  a0 and 2 r cos  a  2 r0  a0  

(4.1)

where l0 is the horizontal component of r0 , the angle  characterizes the inclination of the thrust
lines relative to the xy-plane. Furthermore,  is the total deformation in the trusses comprised of
the deformation r in two lateral trusses X1X2 and X3X4 , and of a in the central truss X2 X3 .
When combined with the force-elongation relations for the three trusses, one obtains,

2  2 r   a 

2  f H cos   r0
AE



fH
.
AE

(4.2)

Here, A is an equivalent cross-sectional area of the thrust line and E is the Young’s modulus of
the material of which the unit elements are made. The cross-sectional dimension A of the truss
element is determined by assuming it to be proportional to the tetrahedra edge length, a0 , and is
given as, A   a02 , where   1 is the coefficient of proportionality, assumed as constant for all
TIM configurations irrespective of dimensions and number of elements.
The horizontal component of the thrust force is

 (2r  a )  (2r  a) 
f H  AE  0 0

 2 r0 cos   a0 

(4.3)

and the vertical component of the thrust force is obtained in terms of the horizontal component as

f V  f H tan  .

(4.4)

The angle  can be computed from the geometric configuration as
tan  

h  
.
l0   a

(4.5)
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In order to obtain the scaling law for the stiffness of TIM assemblies, the model is solved for the
forces and deformations in the TIM assembly. By using the geometry shown in Figure 4.4, one
obtains the x-y co-ordinates for the locus of X 2 as,
f a
x  x0   a , y  y0  ;  a  H 0 ,  r  r0  x 2  y 2
2 EA

(4.6)

where x0  L0 / 2  a0 / 4, y  h  2 a0 / 2, r0  x 2  y 2

L0

a0

X2

X3

(a)
h

r0
X1

X4

X 2  x 0 , y0 

(b)
X1' =X1  0,0 

fH

fV

h
2

X3

X'2  x , y  δ

Y
X

X'3

a

β

r1

β

X'4 =X 4

r1

fV

fH

Figure 4.4: A schematic of a representative load carrying cross section of a TIM monolayer: (a)
undeformed state, and, (b) deformed state including the lines of thrust.

Considering that rewriting the compatibility equations leads to the expression

r 

Equations (4.6) and (4.7) give

f H r0


x

EA 
 x2  y2 



.

(4.7)
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(4.8)

where   f H / EA . Equation (4.8) is a 4th order polynomial in  , the solution being the only
positive and real root. For small values of  , Eq. (4.8) reduces to,
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(4.9)

and similarly, Eq. (4.5) is reduced to

tan  

y0  
y  
 0
.
a
x0
x0  0
2

(4.10)

By using Eqs. (4.4), (4.9) and (4.10), one then obtains the relationship between  , and, f H and
f V , respectively, as


x0 
f V  f H tan   EA 
r0 


r0

 x0 

2



 y0  



2


  y   
 1  0
.
  x0 


(4.11)

The relationships developed so far refer to a single thrust plane, and are subsequently generalized
to square assemblies with varying N, a0 and L0 . The planes in which thrust lines exist are
numbered as Pi where i  1, 2 ( N  1) / 2 . In all cases there exists only one central plane, P1 ,
through the central tetrahedron while all other planes of the type section 1, are in pairs. Thus, the
total number of planes of the type section 1 are, Np  2[( N  1) / 2  1]  1  N  2 . Planes P2k-1 and
P2k are orthogonal to each other i.e. P1 , P3 , P5  are orthogonal to P2 , P4 , P6  .

As demonstrated in Chapter 2 a linear displacement field characterizes the deflection of the TIM
assemblies. The deflection at the center of the TIM assemblies, as well as that of the central
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tetrahedron in plane P1 equals the applied displacement,  . The local displacement, (Pi ) , of the
central tetrahedron in each plane for a thrust line, Pi , is then given by,
  N  1

  i  1 

  Pi    2
 .
 N  1 



2

(4.12)

The total transverse reaction force on the TIM assemblies, F, is obtained as the sum of the
vertical component of the thrust force in each plane, 2 f V (Pi ) , as
 N 1

F  2 fV  P1   4



2

i 2

fV  Pi  .

(4.13)

The stiffness of the TIM assemblies is K  dF / d  and using Eqs. (4.11) to (4.13), one obtains
the result that in the limit of   0 ,
K

 0


y0 x0
 N  1 
 EA 1  2 


 2   x02  y02
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y0 x0
 EAN
x0
x02  y02
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y0
.
x0

(4.14)

In order to obtain the scaling law in terms of unit element edge length and TIM span, x0 , y0 are
represented in terms of the unit element edge length and the TIM span length

K  0 

1
2
1 1 a
9 a  
0
2 
  0 
 4 2 L0 16  L0  

EAN

a02
.
L30

(4.15)

For a 0 / L0  0 , i.e. for large aspect ratio TIM assemblies, Eq. (4.15) can be simplified to,
K   0, a0  0  4 EAN
L0

a02
.
L30

(4.16)
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With the definitions A   a02 A   a02 and N  2 L0 / a0 the TIM stiffness is obtained as,
K  0, a0 0  8 E
L0

a03
.
L20

(4.17)

On the other hand, if the number of unit elements remains constant, N  N 0 , by using Eq. (4.15)
one obtains,
K

  0,

a0
 constant
L0

  Ea0

(4.18)

where  is given as,
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1
1
9 
N 02  
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 4 N0 4 N0 

32

.

(4.19)

4.4. Numerical Experiments
In order to validate the scaling law for the elastic stiffness of TIM assemblies, Finite Element
models of TIM assemblies were constructed. Quasi-static loading conditions were considered.
The unit elements were described as an isotropic homogeneous linear elastic material (Young’s
modulus, E  2.00 GPa and a Poisson’s ratio,   0.33 ). A rigid cylinder with diameter,
D  L0 / 10 , was used to apply the load under displacement control conditions. Since TIM

assemblies are strongly influenced by contact mechanics, both edge-surface and surface-surface
contacts were modeled using the General Contact algorithm. The FE models assumed hard
contact, i.e., infinite contact stiffness. Abutments were modeled as rigid bodies fixed in space.
Force, F, data were acquired as the reaction force on the rigid cylinder. Second order modified
tetrahedral elements were used.

The analyses were conducted by using the commercially

available software ABAQUS v6.11, in which the implicit dynamics quasistatic capability was
employed for the solution.
A mesh convergence study was performed for the 7  7 assembly with a0*  25.00 mm . It was
found that the F   response remained the same for increasing mesh densities of 229, 543 and
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824 regular tetrahedral mesh elements per unit element. A mesh density of 229 tetrahedra mesh
elements per unit element was thus chosen for all subsequent simulations.
The numerically computed F   response in the absence of slip for the models considered in
Figure 4.2 is shown in Figure 4.5. In normalized form the force is F / [ E (a0* )2 ] while the
deflection is  / a0* , with a0* the edge length of a reference tetrahedron, here a0*  25.00 mm . For
all models, initially the mechanical response is dominated by the local contact deformation
between the rigid indenter and the ridges of the tetrahedra. A truly transverse deflection of the
TIM assemblies develops subsequently, and all F   curves are slightly non-linear. Overall it is
observed that TIM assemblies with larger span are more compliant than those with a small span,
and that TIM assemblies assembled from tetrahedra with smaller edge length are less stiff than
those assembled from larger tetrahedra. From the computed F   response depicted in Figure
4.5 the stiffness, K, is then determined as the tangent at  / a0  0.04 .
Figure 4.6 shows the spatial distribution of principal compressive stress vectors for the TIM
assembly of reference 7  7 and the 19  19 unit elements (Figure 4.2(b)), respectively, in out-ofplane and section views for the case where slip is suppressed. It is noted that a significant amount
of the TIM volume does not carry any stresses, and that the maximum principal stress vectors are
concentrated within narrow volumes, thus serving as representations of the thrust lines. Overall,
the thrust planes P1 to P3 (for the 7  7 assembly), and P1 to (for the 19  19 assembly) can be
identified in accord with the model developed in the previous section.
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Figure 4.5: Computationally predicted F   results for TIM assemblies corresponding to
assemblies of Figure 4.2, (a) a0  const and N increasing; (b) L0  const and N increasing, and,
(c) N = const and a0 varying.
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log( K / Ea0* )  log( L0 / a0* ) data and the relationship was found to be K  L01.9 (coefficient of
linear regression R 2  0.99 ). This result coincides with the closed form prediction of Eq. (4.17).
Figure 4.9 shows the dependence of the TIM stiffness on the unit element edge length when the
*
*
*
TIM span is held constant at 7a0 / 2 . By considering a log(K / Ea0 )  log(a0 / a0 ) diagram, it

was found that the dependence of K on a0 follows a power law, which predicts a decreasing
stiffness with decreasing unit element size. For the models analyzed in this study, Figure 4.2(b),
the

power

of

the

dependence

was

determined

by

linear

regression

to

the

log(K / Ea0* )  log(a0 / a0* ) data and the relationship was found to be K  a03 (coefficient of
linear regression R 2  0.99 ). This result coincides with the closed form prediction of Eq. (4.17).
Figure 4.10 shows the dependence of TIM stiffness on the unit element edge length for constant
*
*
values of a0 / L0 . By considering a log(K / Ea0 )  log(a0 / a0 ) diagram, it was found that the

dependence of K on a0 (under the constraint that a0 / L0 = const) follows a linear dependence,
which predicts a decreasing stiffness with decreasing unit element size. From the data, one
obtains K  a0 (coefficient of linear regression R 2  0.99 ). Results from the FE model again
compare well with those predicted by the analytical model, Eq. (4.18).
The stiffness data in Figure 4.9-4.11 consider deflection values of  / a0  0.04 . However,
further analysis of the data in Figure 4.5 revealed that the powers obtained from the linear
regression fits remained the same, independent of the value of  / a0 so long as  / a0  0.01 .
One subset of computations was conducted to investigate the influence of slip on the TIM
stiffness. Figure 4.11(a) depicts the predicted normalized TIM stiffness for the 7  7 assembly
considering a range of numerical values for the coefficients of friction. Indeed, once slip between
elements is allowed reduced values of

the TIM stiffness are predicted. Two processes contribute

to the reduction in stiffness. Figure 4.11(b) can be used to clarify these contributions. First, there
is contribution of slip itself. As elastic deformation of the tetrahedra occurs relative motion is
possible. Secondly, the geometry of the thrust line configuration is altered in that the angle  is
reduced. Since the angle  directly influences the relationship between the forces in the system
(Eq. (4.11)), a reduction of this angle is directly connected to a reduction in stiffness.
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Figure 4.8: Stiffness scaling analysis results for assembled TIM assemblies obtained from FEA
for  / a0  0.04 , and from analytical model, Eq. (4.17). Shown are results for effect on stiffness
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Figure 4.11: (a) Dependen
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7  7 assembly; (b) section
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4.6. Discusssion
In
n general, thee resistance of a structure to
t mechanicaal loading deppends upon inntensive propperties
(ssuch as mod
dulus E) and
d extensive properties
p
(thhe shape andd size of thee structure). Such
deependence is also present in granular crystals,
c
suchh that the mecchanical response of the ccrystal
deepends on thee modulus of the unit elem
ments, the shappe and arranggement of the unit elementts. For
th
he topologicaally interlock
ked materials of interest hhere it is naatural to seekk comparisonn to a
cllassical plate structure. Th
he present stud
dy demonstraated that the sstiffness of thhe TIM monollayers
3 2
fo
or a0 / L0  0 scales as KTIM  Ea0 L0 , Eq. (4.177). Consequuently, for prroportionally sized
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assemblies the stiffness increases linear in size K TIM  Ea 0 , Eq. (4.18). For comparison, thin
plate theory gives K plate  Et 3 S 2 (Young and Budynas, 2002) where t is the plate thickness and S
is the plate span. For proportionally sized plates the stiffness increases linearly with thickness

K plate  Et . Surprisingly, the stiffness of the TIM assemblies and that of conventional plates
scales in the same form although the mechanics behind the scaling laws are very different. While
moments are important in the derivation of the flexural stiffness of plates, TIM assemblies carry
no tension under transverse loading. For TIM assemblies, the scaling law is obtained by balance
of forces and compatibility equations of trusses representing thrust lines. When comparing the
numerical values of predicted values of stiffness to experimental data, it shall be kept under
consideration that the present model assumed a perfectly hard contact. Such conditions are not
necessary fulfilled in physical realization of the TIM systems. Then, the elastic modulus can be
considered as an effective quantity, which combined the elastic modulus of the solid and is
reduced by the contact stiffness to match the experimental data.
Topology and segmentation has been discussed as one approach to designing hybrid materials
(Ashby, 2001). In more general terms, this approach falls under the category of topology
optimization (Bendsoe and Sigmund, 2003). The segmentation of a plate into leaf strands lowers
the stiffness for a given mass, while changing the topology of the material in the throughthickness direction. The structural efficiency of the plate is reduced by n 2 (Ashby, 2011) where
n is the number of leaf strands into which the plate has been segmented. A computational

experiment with the finite element method was performed to compare plate and TIM stiffness. A
plate model was created by fusing together the contacts between all unit elements of the 7  7
TIM assembly with unit element edge length, a0  25.0 mm . The structural efficiency of the TIM
assembly is then found by comparing the stiffness of the plate to that of the corresponding TIM
assembly, K plate / KTIM  2 .
The analytical model developed in this study is based on the concept of thrust lines and the
deformation of material elements in the line of thrust. Thrust line analysis has for long been
relevant in studies on the stability of arches and domes (Block et al., 2006a; 2006b; Block and
Ochsendorf, 2007; Boothby et al., 2007; Casapulla and D’Ayala, 2001; Heyman, 1966; Huerta,
2001; Livesley, 1992; O’Dwyer, 1999). The classical approach for finding the thrust lines in an
arch is analogy between the arch and a weighted flexible line (or chain) (Hooke, 1675). The
shape of the line with attached weights forms a catenary, which -- once inverted -- provides the
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thrust line in the arch and thus defines the shape of the arch. A similar argument can be made
here. In order to find the thrust lines in the TIM, a flexible, and weightless, bidirectional fabric of
orthogonal structure is considered (Roberston et al., 2000 a, b). The strings of the fabric represent
“section 1”-planes, Figure 4.3(b), and the net is pinned at the abutments. By applying a
displacement centrally to the fabric and considering stretch of the strings, a square pyramidal
shape is obtained as the deformed shape. Once inverted, the resulting structure then corresponds
to the configuration of the thrust lines in the TIM. The square pyramidal configuration is clearly
observed in the numerical simulations with Figure 4.6 and Figure 4.7 providing top views and
section views of the square pyramid configuration. The thrust line considerations allow for the
expansion of the insight gained on the tetrahedra TIM configuration to other types of
topologically interlocked assemblies. In Dyskin et al. (2003a) it was demonstrated that
interlocking assemblies of all platonic solids are possible. While for the tetrahedra a square tiling
emerged, the assemblies of cubes, octahedra, and dodecahedra were connected to regular and
dense hexagonal tiling patterns, while interlocking assemblies of icosahedra as well as the
icosahedra-derived Bucky-ball lead irregular hexagonal and non-space tiling patterns (Dyskin et
al., 2003a).

The out-of-plane mechanical response of these assemblies is dictated by the

symmetry of the tiling. For the hexagonal tiling the deformation of a fabric of hexagonal
symmetry leads to a thrust line configuration corresponding to a three-sided pyramid (Robertson
et al., 2000a). The symmetry of the three-sided pyramidal configuration has distinctly been
observed in experiments and numerical simulations (Schaare et al., 2008). Once the thrust line
configuration is known the kinematic relationships provided in the present model can be adapted
to the hexagonal configuration and equations for the transverse stiffness can readily be obtained.
Since only geometrical quantities will be changed, it can be expected that the powers of the
scaling laws will remain independent of the type of symmetry in the assembly.
The present considerations have not considered the effects of particle unit size. For assemblies of
small size units as relevant to optical meta-materials, surface forces become relevant and
adhesives have been used to stabilize the microarrays (Randhawa et al., 2010b; Rycenga et al.,
2008). If self-assembly processes of topologically interlocked assemblies can be devised, then
adhesive bonding can be eliminated and issues regarding the long-term stability of surface force
can be avoided. The resulting topologically interlocked microarray structures then promise a high
level of device reliability and the methodology set forth in this paper can be used to design such
system for multifunctional (mechanical-optical) characteristics.
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4.7. Conclusion
Topologically interlocked materials are considered as a class of granular crystals. These systems
possess several unique features in the mechanical response making them interesting for
applications where simultaneous strength and toughness are criteria together with other
multifunctional properties such as wave attenuation or local resonant mechanical or
electromechanical response. The attractive characteristics of the TIM assemblies considered arise
from the fact that the system is not continuous, but rather is formed of discrete elements
interacting by contact. To understand the underlying mechanics behind these observed properties,
numerical models were created and analyzed and analytical models are devised. An analysis
based on ideas of the thrust line approach together with concepts of mechanics of materials was
developed. A scaling law for the dependence of the stiffness on geometric characteristics and
elastic properties was obtained and the results were validated against FE simulations. The results
demonstrate that the stiffness of TIM assemblies scales with a power law similar to that for
classical plates even though the mechanics of these materials vary significantly from monolithic
plates. The relevance of these results lies in advancing the knowledge of a broader category of
materials, which uses segmentation and assembly from the bottom up as a methodology to create
hybrid and metamaterials.
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CHAPTER 5. STRENGTH AND TOUGHNESS SCALING BEHAVIOUR OF 2D
TOPOLOGICALLY INTERLOCKING MATERIALS UNDER TRANSVERSE LOADING

5.1. Introduction
Human progress relies on the discovery of new materials or the process of creating new ones
from existing materials so much so that each paradigm shift in the prehistoric human civilization
has been named on the material that changed the way we evolved - the Stone Age, the Bronze
Age, and, the Iron Age. The more recent examples of this statement can be seen to be in the
silicon-based chip industry starting in the early 1960's which has completely revolutionized the
way we live and connect with each other. Similarly the development of advanced composites and
ceramics has impacted every industry from household appliances to aviation. In the quest to
designing better materials, recently, there has been an interest in obtaining novel mechanical
characteristics based on material structure and not composition (Ashby and Brechet, 2003).
Current research in materials design focuses on creating multifunctional, hybrid materials that
optimize structural functions, such as high stiffness, strength, and toughness, and, non-structural
functions such as thermal insulation, self-healing and reconfigurability (Gibson, 2010).
Most engineering materials, designed using the top-down approach, suffer from a loss of
toughness with increase in strength or stiffness and vice-versa (Ashby, 1992; Launey and Ritchie,
2009). Nature, however, uses a bottom up approach of creating optimized materials (Wei et al.,
2012) instead, Figure 5.1. In fact, this process forms the very basis of the strength and toughness
of a large variety of natural materials (Mayer, 2005). Nacre is an example of a natural material
composed of brittle constituent (aragonite) that gives nearly 3000 times increase in toughness
(Ashby et al., 1995; Currey and Taylor, 1974). Such an optimization of mechanical strength and
toughness has been argued to be a result of the multi-level multi-dimensional hierarchical
structure (Lakes, 1993; Meyers et al., 2008; 2011; Wei et al., 2012) and the interlocking of
elements at each level i.e. segmentation and assembly at multiple levels. Segmentation is also
seen to be present in biological organisms such as fish scales (Liu et al., 2010; Zhu et al., 2011),
spinal column in vertebrates (Levin, 2002), sea turtles (Krauss et al., 2009) and arthropods (Budd,
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these small scales, the interactions between unit elements emerge from Van der Walls,
electrostatic and hydrogen bond forces. At macro scales, such forces are not effective and load
transfer between elements takes place via contact only. In such material assemblies, a crack
nucleated in one unit element does not propagate into its neighbors, thus causing local but not
global failure. This is known as the principle of toughening by fragmentation (Ashby and
Brechet, 2003). Throughout history, this concept has been used in construction of buildings where
walls made of stone, a brittle material, survive earthquakes and impacts from projectiles through
their ability to deform locally but without catastrophic global failure.
Recently, a new way of creating bottom up assembled materials, called Topologically
Interlocking Materials, combining the principles of toughening by segmentation and using contact
based interlocking as seen in planar arches and domes was proposed (Dyskin et al., 2001; Dyskin
et al., 2003a; 2003b; 2003c; Glickman, 1984). These low-dimensional materials are created from
individual unit polyhedral elements interacting with each other by contact only and embedded
within a constraining framework. Topologically interlocked materials (TIM assemblies for
brevity) possess attractive mechanical properties including: (i) quasi-ductile response obtained
from brittle constituent materials (Dyskin et al., 2001; Dyskin et al., 2003a; 2003b; 2003c), (ii)
high damage tolerance (Dyskin et al., 2003b; Khor, 2008; Molotnikov et al., 2007), (iii) negative
stiffness characteristics under certain loading conditions for certain specific types of unit elements
(Estrin et al., 2011; Schaare et al., 2008), (iv) variable stiffness as adjusted by control of
constraint (Brugger et al., 2009; Dyskin et al., 2003b), (v) remanufacturability (Mather et al.,
2011), and, (vi) optimal variation of strength, stiffness and toughness with relative density for
TIM assemblies made of cellular unit elements (Khandelwal et al., 2012).
With the development of new materials comes the requirement to understand their mechanical
properties and the various factors affecting those properties. Of specific interest is the effect of
size on mechanical properties of strength and toughness. Scaling laws are of particular
importance in order to extrapolate laboratory tests to real world conditions and to validate the
theory describing the mechanical characteristics of the material. They are also important for
design and selection of materials based on performance requirements. The last few decades have
seen an increased interest in the effect of size on mechanical properties (Bazant, 1999; 2000;
Simitses et al., 2002). Although at macroscopic levels the elastic properties do not get affected by
size scaling, size has been shown to affect the elastic properties as well as the strength and failure
characteristics of materials at the nano-scale (Carpinteri and Pugno, 2008; Miller and Shenoy,
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2000; Wang et al., 2006). These studies elucidate the effect of size on elastic properties as size
shrinks leading to energy competition between material surface and bulk. Lee et al. (2008)
explore the scaling law for 2D graphene by analyzing them as thin mono-layer membranes.
Similar methods can be used to obtain the scaling laws for monolayer materials held together by
atomic forces. Although scaling laws have been studied extensively as the aforementioned studies
demonstrate, those exist for continuous monolithic materials. With the increasing importance of
segmentation as a strategy for building new materials accompanied by the realization that all
biological structures have a hierarchical structure with smaller elements combining at different
scales to form the unit element at the next higher length scale, the study of scaling laws for
segmented structures becomes necessary. Recently, it has been proposed (Carpinteri and Pugno,
2005) that geometry, rather than the mechanics, might be the underlying phenomena for most of
the observed scaling laws in mechanics. This hold significance for the materials discussed herein
where topology plays a key role in the mechanical response.
In Khandelwal et al. (2012), a model for the mechanical behavior of TIM assemblies was
developed using the so-called thrust line analysis as historically used in the analysis of stone
structures such as arches and domes (Block, et al., 2006a; 2006b; Block and Ochsendorf, 2007;
Boothby et al., 2007; Casapulla and D’Ayala, 2001; Heyman, 1966; Huerta, 2001; Livesley,
1992; O’Dwyer, 1999). The underlying basis for finding the thrust lines in an arch is the inverted
chain analogy proposed by Hooke (1675). The argument states that thrust lines, the compressive
load paths, in an arch can be found by inverting a weightless string and attaching to it weights
equal to the weights of the independent blocks and the applied load at corresponding locations
where these are applied on the arch. Using simulations and extending the analytical model
developed in Khandelwal et al. (2012), it was recently demonstrated that TIM assemblies possess
a stiffness scaling law similar to that observed for plates (Khandelwal et al., 2013). This was
found to be surprising as the tension free, contact compression based mechanics of TIM
assemblies is much different from the tension dominated mechanics that results in the stiffness of
the plates. Brugger et al. (2009) compared two TIM assemblies of the same external size, but
made of different sized unit elements. They obtained a lower strength and toughness for TIM
assemblies made of the smaller size elements and packing the same area. However, the results
were given for only these two specific material configurations and a general relationship between
strength and toughness was not proposed.
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Bouaziz et al. (2008), in their review paper outlining strategies for creating heterogeneous and
architectured multifunctional materials, hypothesized that TIM assemblies would provide a
possible strategy to escape the strength-toughness conflict of engineering materials. This paper
explores that idea further by laying down quantitative rules for designing such optimum
engineering materials. In the present study, relationships for strength and toughness of TIM
assemblies are studied by extending a previously established analytical model for mechanical
characteristics. TIM assemblies are proposed as a strategy to fill the material property space,
previously inaccessible to the engineering materials such as high toughness and stiffness. Design
rules for creating TIM assemblies with desired optimal material properties are presented by
means of two case studies that design for optimal energy absorption. Two particular TIM designs
that possess these optimal properties are designed by a combination of constituent material and
TIM geometric parameters.

5.2. Material
TIM monolayers created as square assemblies of N  N identical tetrahedra, each of edge length
a0 , are considered (Dyskin et al., 2001; 2003a; 2003c). In such an assembly each tetrahedron is

supported by four adjacent tetrahedra, two in each lateral direction thus preventing motion in
either transverse direction; see Figure 5.2(a). Elements 1 and 2 prevent the locked element from
moving down while elements 3 and 4 prevent the locked element from moving up. By repeating
this pattern symmetrically, one obtains a square assembly. Figure 5.2(b) shows one such TIM for
N  7 . The thickness, h , of the monolayer is equal to the edge-to-edge distance in the unit

tetrahedron, a0 / 2 . The in-plane dimension of the assembled monolayer specimen is the
assembly edge-length or span, L0  Na0 / 2 , of the square symmetric cross-section. The
characteristic geometric parameters of square TIM assemblies are therefore, the unit element edge
length, a0 , the TIM assembly length, L0 , and, the number of unit elements, N , signifying the
segmentation of a given volume. The following relationship emerges: N  2 L0 / a 0 .
TIM assemblies made of regular tetrahedra can thus be related with other materials in this family
of TIM assemblies in three possible ways: a) where the aspect ratio remains same i.e., self-similar
TIM assemblies, or, b) where the aspect ratio changes by changing the span, L0 , while keeping
the edge length, a0 , constant i.e. by adding same sized unit elements to the given material, or, c)
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Figure 5.3: Ex
xample of TIM
M assembliess with, (a) connstant aspect ratio, L0 a0 , (b) varying sspan,
ment edge leng
gth, a0 , and, (c) TIM asseemblies with cconstant spann, but
L0 , but constant unit elem
varying unit
u element eedge lengths.
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the concept of thrust line analysis, employed historically for analyzing the mechanics of arches
(Heyman, 1966) and more recently domes (Livesey, 1992), an analytical framework for the
predictions of the mechanical properties of TIM assemblies was developed in Chapter 2 and 4 to
explore the mechanical behavior of a TIM for a given edge length, a0 , and span, L0 . The model
is introduced again for continuity and closed form solutions for the peak load, F * , and,
toughness, W , are then obtained by linearizing the model using the initial stiffness prediction.
For the TIM assemblies, compressive load vectors are generated in section 1, Figure 5.4(b), as the
abutments restrict the rotation of the boundary elements. For section 2, the boundary elements
rotate freely experiencing no compressive reaction forces from the abutments. These thrust lines,
present in section 1, extend from the hinge location at the abutments to the location of the applied
displacement, i.e., the top edge of the central tetrahedron. These thrust lines for symmetric
loading, as is considered in this study, are then symmetric in the section. Three truss elements
placed along the segments of the thrust line are considered and the contact opening is modeled
only at the central tetrahedra where the displacement is applied.
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Figure 5.5: A schematic of a representative load carrying TIM monolayer cross-section shown in
(a) undeformed state, and, (b) deformed (solid) and undeformed (shaded) state. The proposed 3truss model is shown in thick blue. The origin of the co-ordinate system for the model is taken at
X 1 . Symmetric conditions are assumed.

101
Figure 5.5 depicts the configuration to be analyzed which is representative of the situation in a
thrust plane. The two lateral trusses, X1X2 and X 3 X 4 , possess initial and current lengths of r0 and
r , respectively, while the central truss, X 2 X 3 , is of length a0 initially and of current length, a .

The points X1 and X 4 , i.e., the thrust line end points at the abutments, remain fixed and
represent the hinge. As the central unit element is displaced vertically by  , a statically
indeterminate configuration arises. Fundamental mechanics of material principles can be used to
solve the problem at hand, and to correlate  to the horizontal and vertical components of the
thrust forces, f H and f V . The sum of all vertical components of the thrust forces in all planes
then equals the reaction force F for an applied displacement  . Employing the concept of
compatibility for the given statically indeterminate system and recognizing from Figure 5.5 that
x0  L0 2  a0 4 , y0  h  2a0 2, r0 

x02  y02 , and, tan   ( y0  ) ( x0  a0 f H 2( EA)) , one

obtains,
2
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Here, A is an equivalent cross-sectional area of the thrust line and E is the Young’s modulus of
the material of which the unit elements are made. The cross-sectional dimension A of the truss
element is determined by assuming it to be proportional to the tetrahedra edge length, a0 , and is
2
given as, A   a0 , where   1 is the coefficient of proportionality, assumed as constant for all

TIM configurations of this family irrespective of dimensions and number of elements.
Eq. (5.1) is a 4th order polynomial in f H EA , the solution being the only positive and real root.
For small f H EA , Eq. (5.1) reduces to
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One then obtains the relationship between  , and, f H and f V , respectively, as,

(5.2)
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(5.3)

The above model for a single thrust plane was then generalized to full square assemblies with
varying N , a0 and L0 . The planes in which thrust lines exist are numbered as Pi , shown for a
representative 7  7 assembly in Figure 5.4(a), where i  1, 2, ,( N -1) 2 . There is only one
central plane, P1 , through the central tetrahedron while all other planes of the type section 1, are in
pairs. Thus, the total number of planes of the type section 1 are, N p  2[( N  1) 2  1]  1  N  2.
Planes P2k-1 and P2k are orthogonal to each other i.e. P1 , P3 , P5 … are orthogonal to P2 , P4 , P6 … .
As demonstrated in Chapter 2, a linear displacement field characterizes the deflection of the TIM
assemblies. Here, in particular, the deflection at the center of the TIM assemblies, the central
tetrahedron in plane P1 , equals the applied displacement. The displacement,   Pi  , of the central
tetrahedron in each plane, Pi , is then given by,
 ( N  1)

 (i  1) 

2
 ( Pi )  
 .
( N  1)


2



(5.4)

The total transverse reaction force on the TIM assemblies is then obtained as the sum of the
vertical reaction force in each plane, 2 f V  Pi  , as
F  2 f V  P1   4

 N 1 /2


i2

f V  Pi  .

(5.5)

The stiffness of the TIM assemblies is K  dF d  . Using Eqs. (5.3)-(5.5) in the limits   0 ,
and, a0 L0  0 i.e., for large aspect ratios, and, representing x0 , y0 in terms of a0 , L0 , the
stiffness is obtained as,
K  0, a0 0   E
L0

a03
a
  E 20
2
L0
s

(5.6)
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2
where   8 (recalling that A   a0 and N  2 L0 a0 ), and, s  L0 a0  N 2 , is the aspect ratio

of the TIM assembly.
Based on Eqs. (5.4) and (5.5), it can be seen that the deflection,  * , at which peak vertical force,

F * , occurs is determined by the critical deflections for the central plane, P1 , since the peak force,
F * , cannot occur for a deflection larger than the deflection at which the central plane undergoes
instability, i.e. after f V  P1   0 since the force magnitude starts declining henceforth. Thus,  * is
independent of number of unit elements, N , and only dependent on the unit element edge length.
*
We thus take    a0 , where  is a constant for all TIM assemblies of this family. This

observation along with Eq. (5.6) gives the peak force as,
F *  K *   E

1 2
a0
s2

(5.7)

where     8 is a constant for all TIM assemblies.
A closed form solution for the total energy absorbed is obtained as, W  1 2 F * f , where  f is
the deflection at which the outermost plane, P N-1 2 , goes through instability i.e. when





f V P N-1 2  0 .

This

happens

 ( P N 1 2 )  h

when

and

hence

 f   N  1 a0 4 2   2 L0 a0  1 a0 4 2 , Eq. (5.4). Thus, one obtains,

W 

a3
2
 E 02  2 s  1 .
16
s

(5.8)

Eqs. (5.8) and (5.9) give the closed form solutions for the scaling behavior of the strength and
toughness of the TIM assemblies respectively. For TIM assemblies, under the action of peak load,

F *  p* L20 , we obtain from Eq. (5.8), the peak stress, a measure of strength of the material,
p*  

E
s4

(5.9)
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Similarly, toughness, measured as the energy density,   W V (where V  a03 N 2 6 2 is the
volume of the TIM) is

a03
2 s  1
2 
W 1
3  E  2 s  1 3  E
s
 


.
3
2
32
16 s 3
V 16 a0 N 6 2
s4

E

(5.10)

The relationships, Eqs. (5.9) and (5.10), developed in the model analysis show that the strength
and toughness of TIM assemblies are dependent on aspect ratio and the Young’s modulus of the
unit elements. For TIM assemblies made of regular tetrahedra, the toughness-strength dependence
is,

 

( E )1/ 4 ( p* )3/ 4 ; s  constant
.

(5.11)

sp ; E  constant
*

As is seen from Eq. (5.11), a positive correlation between toughness and strength is obtained.
Similarly, using Eqs. (5.6) and (5.9), and, Eqs. (5.6) and (5.10), the toughness-stiffness and
strength-stiffness relationships are respectively,

 E   a0 
1 2

 

3 2

K 

34

; s  constant
(5.12)

K
; E  constant
a0 s

, and,

p* 

K2
; s  constant
Ea02

.

(5.13)

K
; E  constant
a0 s 2

Once again, a positive correlation is seen between stiffness and toughness, and, stiffness and
strength.
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5.4. Discussion
For TIM assemblies made of regular unit elements, aspect ratio, defined as s  L0 / a 0 , can be
changed by either changing span, L0 , while keeping edge length, a0 , constant i.e. by adding
more unit elements, or, by changing the unit element edge length while keeping span constant i.e.
by packing more unit elements in the same area Figure 5.3(b, c). These processes can be seen
respectively as examples of growth and differentiation in biological structures. For such
architectured materials, Eqs. (5.11)-( 5.13) show that the whole material property space is
potentially available by modifying the geometric and constituent material parameters, unlike
those for conventional monolithic engineering materials. The particular advantage comes from
the fact that for designing a material with a required mechanical property in, say, the K  
space, Eq. (5.12) shows that there are three parameters, a0 , E , and, s that one can modify to
obtain the same property. This is significant in a scenario where for practical considerations, the
size of the unit elements, a0 , and, of the structure, L0  sa0 , may be a constraint due to
manufacturing limitations while having easier access to a larger range of the available building
materials. In such a scenario, the design engineer can work with the desired unit element and
assembly size and then subsequently select a building material possessing a material modulus
which will provide the required ( K ,  ) combination. For nature, on the other hand, the
constraints during evolution came from the limited range of available building materials in the
surrounding environment that were suitable for the biological functions (Meyers et al., 2011).
Using the principle of segmentation and assembly, a wide range of materials optimized for their
structural functions were developed over billions of years even with the given limitations. One of
the hypotheses of the current study was that TIM assemblies present a way to fill the material
property space, in particular, by creating materials with optimized properties such as those shown
by the biological materials. The advantageous properties of TIM assemblies are now
demonstrated by creating materials that are "optimized" for their particular functions. The quotes
imply that the ensuing case studies use fictional quantities and are hence for demonstration
purposes only, although, the same procedure could be used for designing materials for practical
purposes.
Optimized architectured materials are designed by looking at the material property indices
(Ashby et al., 1995) that are relevant for the requirements of energy absorption by materials: a)

(EJc )1/2 (where J c is the critical material work of fracture or J-integral), which needs to be
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maximized when the material has to carry a given load without failing, and, b) J c , which needs to
be maximized when the sole purpose of the materials is to absorb energy without failing. The
1/2
corresponding material property indices that need to be maximized here are: a) (K) , and, b)

 respectively.

1/2
5.4.1. Case Study (I): Design Rule For Maximizing Material Property Index (K)

From Eqs. (5.6) and (5.10), one obtains

 31 2  1 2   Ea01 2 
( K )1/2  
 5 2  .
 4  s


(5.14)

Rewriting the above relation one obtains,
E 2 a0  16( K  ) 

.
2
s5
 3  

(5.15)

1/2
Materials of a desired optimum (K) can now be designed by selecting the right combination

of unit element modulus, E, unit element edge length, a0 , and aspect ratio, s .
This is demonstrated with a particular example. From Ashby et al. (1995), a majority of natural
ceramics and ceramic composites possess ( EJ c )1/ 2  1.00 MPa-m 1 2 . Inspired by this, we design
1/2
12
for a TIM material with (K)  1.00 MPa-m . A value of   0.50 is assumed from the

value of ( K  )1/ 2  1.00 MPa-m 1 2 obtained experimentally in Chapter 2. Similarly, it was
observed from the thickness of the thrust lines in the FE model used in Chapter 2 that   0.50 .
Here we assume   0.50 . Taking a nominal modulus of unit element, E  100.00 GPa , and, an
aspect ratio of s  3.50 , as shown for the representative TIM in Figure 5.4, one obtains the
required unit element size, a0  2.24  m . From Eqs. (5.6), (5.9) and (5.10) the values of
stiffness, strength and toughness of such a TIM material are obtained as respectively,
3
K  73.17 N-mm 1 , p *  1332.78 MPa, and,   874.63 MJ-m . Figure 5.6 shows the location

of the above designed TIM in the K   space.
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5.4.2. Case Study (II): Design Rule For Maximizing Material Property Index 
From Eq. (5.10), it can be seen that the toughness,  , will be maximized by either increasing the
modulus, E, or by decreasing the aspect ratio, s, and is independent of the unit element edge
length, a0 . Assuming the same values of the material constants as in the previous case study,

  0.50 and   0.50 , Eq. (5.10) can be rewritten as,
E 3
.

s3
8

(5.16)

The above equation implies that as the material becomes more rigid, TIM assemblies with larger
aspect ratios are required for the same optimal value of  . For the previously designed material
with E  100.00 GPa , and, an aspect ratio of s  3.50 , the energy density remains constant
irrespective of the unit element edge length. In the K   space, however, stiffness, K ,
decreases while maintaining constant  with a decrease in unit element edge length, a0 , and, K
increases with an increase in, a0 , Eq. (5.6). This variation is shown in Figure 5.6.
Exploring the effect of change in E, a0 , and, s, it is seen that the location of either of the designed
materials is displaced towards the left along the material index lines by decreasing these control
parameters and vice-versa, Figure 5.6. It is seen from Figure 5.6 that TIM assemblies provide a
means to creating materials with a similar optimal property variation seen for the biological
materials shown in Figure 5.1 (Wei et al., 2012). However, unlike the biological materials, such
an optimum property variation can be obtained for TIM assemblies made of same material
modulus by simply changing the geometric parameters of unit element edge length and aspect
ratio.
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Figure 5.6: Location of designed TIM assemblies in the K   material property space for the
1/2
optimal values for material property indices (K) and  , and, under constraints of the
material and unit element size.

5.5. Conclusions
Assembled materials are ubiquitous in nature. A large number of recent articles discussing in
detail the microstructure of the biological materials show the complex hierarchies over which
nature assembles basic building blocks of widely varying material properties (Lakes, 1993; Liu
and Jiang, 2011; Meyers et al., 2008). A popular example, nacre, one of the most widely studied
naturally tough and strong material, is composed of tablets of brittle aragonite bonded by a thin
organic layer that provides a way to dissipate strain (Barthelat et al., 2006; 2007; Barthelat and
Espinosa, 2007; Munch et al., 2008). These materials are created by the process of self-assembly
and self-organization of the individual unit elements. The mechanical properties of such materials
have been examined using via analytical models using classical mechanics concepts. Gao (2006)
used fracture mechanics concepts to explain the mechanics of bone and bone-like biological
materials. Simple analytical and numerical models were created to explain fundamental questions
of optimal property variations and existence of hierarchical structures in such materials. Wei et al.
(2012) presented an analytical model using concepts from composite mechanics that could predict
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the critical length parameters to predict accurately the strength and composites of natural
composite materials such as nacre, collagen molecules and spider silk.
In this study, topologically interlocked materials (TIM assemblies), a recently proposed novel
design to creating materials using a similar bottom-up approach are analyzed for their
advantageous mechanical properties. The analysis is performed by extending a previously
established analytical model for these materials. The model shows, Eqs. (5.9) and (5.10), that the
strength and toughness of these materials are independent of the size effect and only determined
by the material modulus and the aspect ratio. Stiffness of the TIM assemblies, however, was seen
to be dependent on the material characteristic size apart from the unit element material modulus
and aspect ratio. Further manipulating these relations shows, Eqs. (5.11)-( 5.13), that a
monotonically increasing relationship exists between toughness stiffness and strength irrespective
of the material and geometric parameters. This implies that potentially the whole material
property space is available using TIM assemblies. These simple power law relationships relating
the mechanical properties are exploited to provide design rules for creating materials with the
desired optimal properties in the range observed for natural materials.
The model however does have a limitation in that the model ignores failure of individual unit
elements. The model is thus best suited to predicting the mechanical properties of TIM
assemblies with unit elements made of sufficiently high rigidity. Additionally, only designs with
s  1.00 i.e. N  2 , the smallest possible TIM assembly, are possible under this theory.

Extending further the idea proposed in this study, two other means by which the available
material property space might be expanded are: a) modifying the microstructure of the unit
elements, and, b) using irregular unit elements. An example of microstructure modification was
demonstrated in Chapter 2 where TIM assemblies with cellular unit elements were used. The
effective modulus of the TIM assemblies was shown to vary linearly with relative density.
Similarly, TIM assemblies made of unit elements with unequal edge lengths increase the range of
aspect ratio available. As an example, unit elements with large width to thickness ratios similar to
those seen in nacre can be used to hugely increase the aspect ratios. Along the same lines, the
TIM assemblies can also be used to create multi-scale hierarchical materials by using the
individual TIM monolayers as unit elements joined together to other TIM monolayers with thin
adhesive layers.
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The immediate relevance of the analysis provided in this study is seen in the fact that most tough
and strong natural materials possess an interlocked assembly of hard elements at an intermediate
hierarchical level. Examples at the micro/nano level include (Meyers et al., 2008) nacre, conchshells, carapace of arthropods (such as crabs) and equine hoof walls, while at the macro level
there exist such structures as fish scales and turtle shells (Yang et al., 2013). Recent research
(Barthelat et al., 2007; Krauss et al., 2009) has proposed that interlocking is key to the observed
high strength and toughness of these biological structures. Nature, over the course of billions of
years of evolution, arrived at the interlocking strategy in order to optimize the material properties
with limited available building materials as geometrical parameters are easier to manipulate and
thus provide a greater range of effective material properties than would be available with using
monolithic. With the analysis provided in this study for the topologically interlocked materials, it
might be possible to do the same with engineering materials.

111

CHAPTER 6. BIO-INSPIRED DENSE TENSEGRITY STRUCTURES USING
TOPOLOGICALLY INTERLOCKING MATERIALS

6.1. Introduction

In the pursuit of developing multifunctional materials that satisfy both, structural and nonstructural functions, various new technologies have been proposed such as smart materials
(Chopra, 2002; Garg et al., 2001; Thompson et al., 1992), self-healing materials (Wool, 2008),
and, self-assembly of materials (Clark et al., 2001; Damasceno et al., 2012; Randhawa et al.,
2010) using the bottom up approach (Zhang, 2003). One of the techniques that is increasingly
being adopted is that of using bio-inspiration or biomimetics (Liu and Jiang, 2011; Vincent,
2008). As the name suggests, advanced materials (or structures), with properties not obtained in
conventional materials such as metals or plastics are created by incorporating the principles by
which a certain biological material is seen to achieve a desired function. Biological structures
have achieved their properties over billions of years of evolution and are optimized for the
functions they are required to perform such as possessing high strength and toughness while
having low weight (Meyers et al., 2008; Yang et al., 2013). These properties are achieved via a
hierarchical arrangement of basic materials such as polymers and biominerals (Meyers et al.,
2011) over multiple scales. These structures implement the process of segmentation, and, selfassembly.
Segmentation and assembly is a mechanism that has been found in several biological structures
e.g. spinal column, turtle shells, shark tesserae, armadillo armor and arthropods (Budd, 2001;
Krauss et al. 2009; Liu et al., 2010; Yang et al., 2013) where strength and toughness is combined
with flexibility to achieve the ability to carry loads, be damage tolerant against external
impacts/attacks, and, yet be nimble for locomotion. However, mere segmentation and assembly is
not sufficient. Such structures achieve the aforementioned mechanical properties by assembling
hard elements in a close packed configuration and connecting the individual elements (or
segments) through a common load (tension) carrying component. Shark tesserae are mineralized
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scales interlocked with each other and held together with flexible skin. This gives the shark
tesserae a functional bias towards compression (Liu et al., 2010). Similarly, turtle shells (Krauss
et al. 2009) and armadillo armor (Yang et al., 2013) are structures with hard elements connected
with elastic components to provide damage tolerance and flexibility to the respective animals.
These biological structures are, thus, in essence tensegrity structures i.e. structures with
continuous tension elements and discontinuous compression elements (Fuller, 1961; Snelson,
1973). A few salient characteristics of tensegrity structures are: a) high specific stiffness, b)
monotonically increasing stiffness, c) stability under large deformations, and, d) ability to create
hierarchical structures. These properties are achieved by the triangulation of tensile and
compressive forces under the action of external force, and, by the fact that each continuous
segment carries only tension or compression and hence by Maxwell’s rules (Maxwell, 1895)
possesses high specific stiffness and strength. The individual tensegrity structures, by sharing one
or more elements, are also able to connect with the other tensegrity structures thus creating
multiscale hierarchical structures.
Tensegrity has been used (Chen and Ingber, 1999; Ingber, 1997) to explain the
mechanotransduction process in vertebrates i.e. how stress applied at the macro level are
transmitted to the cellular level inducing a biochemical response which determines significant
cellular processes such as gene expression, growth, differentiation and survival. The transfer of
stress takes place as the biological component is composed of several tiers of systems e.g. the
limbs are made of organs which are constructed of tissues which in turn are made of living cells
and extracellular matrix, and, so on so forth until the molecular levels. A specific example of biotensegrity is the spine as it possesses an interlocked structure of vertebral bones in compression
held together with tension carrying ligaments. Tensegrity has been used to explain the high
strength, toughness and flexibility of human spine (Levin, 2002) as the traditional arch or
abdominal pressure based models (Norris, 1995) are unable to capture the correct mechanics.
Along similar lines, the human cranium, comprising of segmented hard elements connected via
sutures has been described using a tensegrity model (Scarr, 2008). In the cranium, tensional
forces in the dura mater, a tough membrane that lines the internal surface of the bones, have the
effect of pushing the bones apart, whilst at the same time integrating them into a single functional
unit. Finally, even the integrity of the double-helical structure in the DNA has been described
using tensegrity (Liedl et al., 2010). Tensegrity has thus even been called the ‘Architecture of life’
(Ingber, 1998).
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Snelson and Fuller came up with the tensegrity structures before they were observed and
explained in nature. While artificial Tensegrity structures have traditionally been employed as art
forms (e.g. Snelson’s Needle Tower), recently, as their mechanics has been better understood
(Skelton et al., 2001), they have also been employed to create load bearing structures such as
bridges (Rhode-Barbarigos et al., 2010; or the Kurilpa bridge in Australia) or as smart structures
(Fest et al., 2004) and even deployable space structures (Hanaor and Levy, 2001). However, these
manmade tensegrity structures, commonly made of cables and struts, are not dense like those
observed in nature.
In this study, a novel approach inspired by the musculoskeletal system, that employs the
principles of segmentation, assembly and tensegrity to create strong, damage tolerant and flexible
materials in a space filling form was presented. In particular, the approach employed
topologically interlocking materials, or, TIM assemblies, for brevity. In TIM assemblies,
independent unit elements are arranged such that each element is prevented from moving by
surrounding elements. Elements transfer load to each other through contact only in the absence of
adhesives. TIM assemblies possess high damage tolerance compared to equivalent solid plates as
cracks get arrested at contact interfaces. TIM assemblies have been shown to possess several
interesting characteristics such as damage tolerance (Dyskin et al., 2003; Khor, 2008; Molotnikov
et al., 2007), reusability (Mather et al., 2011), and, stiffness control (Brugger et al., 2009; Dyskin
et al., 2003). TIM assemblies, being assembled from discrete elements without the use of an
adhesive, commonly have been realized by embedding the unit elements into a rigid frame which
serves as an abutment, similar to that for an arch or a dome. The frame carries tensile stress as a
hoop stress under application of external loads while the interlocked elements carry compression
loads only. This design, however, poses the problem of mobility and ease of use. Estrin et al.
(2011) proposed creating a multilayered TIM material which used a continuous interlocking
arrangement (for TIM assemblies made of osteomorphic elements) which will be bound again by
a rigid frame. They also proposed creating multilayer structures by arranging these on an elastic
layer foundation, much like the fish scales, and, arranging these layers on top of each other.
Novel as they were, however, for either of these arrangements, a mechanical response was not
documented.
In this study a novel design implementation of the TIM assemblies was proposed. It was
hypothesized that TIM based dense tensegrity structures can be constructed by embedding unit
elements into a net of woven fiber tows eliminating the need for a rigid frame. It was also
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hypothesized that the structure would possess the advantageous mechanical properties observed
for dense biological tensegrity structures. This study investigated the design of such a bioinspired engineering structure that could replicate the function and characteristics of the
aforementioned natural structures, and, analyzed the resulting structure in regards to its
mechanical properties via physical experiments and analytical modeling. The ability of the
proposed structure to act as a smart structure was also discussed.

6.2. Design And Assembly
The dense tensegrity structure consists of two parts: the part that carries the compressive loads,
and, the part that carries the tensile loads. In this study, dense tetrahedral elements were used as
the compression carrying members. The unit elements, made of ABS plastic, had an edge length
a 0  25.00 mm and were manufactured using the SST Dimension 1200 3D printer. The ABS

plastic had a Young’s modulus of 1.83 GPa. These unit elements were arranged into a square
7  7 topologically interlocked assembly, Figure 6.1(a), using a supporting template made of
8  8 regular octahedra of edge length a0 / 2 .

Two continuous tows of T-300 Carbon fibers ( ES = 230.00 GPa , 1000 fibers per tow, diameter of
each fiber = 7.00  m ) form the tensile carrying components. These were placed in between the
tetrahedra such that woven net structure is formed, Figure 6.1(b). One fiber tow was aligned
along the X-direction while the other was aligned along the Y-direction, Figure 6.1(b). Larger unit
elements in the shape of abutments and with through holes of diameter 3.00 mm, were used as
boundary elements to, a) provide a path for the fiber, and, b) to provide a fiber tensioning
mechanism. The boundary elements had a length, LB = 82.50 mm , height, H B = 40.00 mm , and
width of top and bottom faces, WB = 5.00 mm .
Finally, the fiber tows were tied so as to create a prestressed structure, Figure 6.1(c). The fiber
tensioning mechanism consisted of clamping the two ends of each fiber tow in a lock-nut
assembly present on two screws that were placed behind two adjacent boundary elements. The
screws (0.25 inch diameter, 1.00 inch length, 20 threads per inch) were held using a hex nut (0.25
inch diameter, 20 threads per inch ) affixed into a hexagonal shaped slot, carved at the back of the
respective abutment, and of the same external size as the nut to prevent rotation of the locking
structure, Figure 6.1(b-c). The current study focused on assemblies with low initial preload
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(compared to the peak force observed) within the compression elements. This small preload,
FP  2.00 N , was required to hold the assembly together due to the presence of manufacturing

tolerances and to prevent the assembly from sagging under the influence of gravitational load.
This preload was adjusted by using thin film pressure sensors (FlexiForce Model A201) placed
between the central unit element at the outer most tetrahedra layer and the adjacent boundary
element. The pressure sensors gave a force output based on the sensor area covered by the applied
force. The maximum voltage difference that the sensors could measure and sustain was 5.00 V.
The sensors were calibrated to give a zero voltage reading for zero force application, and, a
voltage reading of 1.00 V for an applied force of 10.00 N on total sensor area. Thus, the
maximum force reading that could be obtained out of each sensor was 50.00 N.
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(a)

(b)

(c)
Figure 6.1: Th
he material design process, (a) assemblyy of unit elem
ments, (b) weavving the fiberr tows
throug
gh the assemb
bly, and, (c) ty
ying the fiberr tows behindd the boundaryy element.
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6.3. Experim
ments

6.3.1. Methoods
The
T dense tensegrity structtures were plaaced in the teest system, M
MTS 858 MinniBionix, such that
th
he centrally located
l
tetrah
hedron was indented sym
mmetrically allong its uppeer edge by a rigid
lin
near actuatorr. The structure was placed
d on a surfacce that alloweed for the bouundary elemeents to
ro
otate freely. The
T maximum
m force that the force trannsducer couldd measure saafely was 5.00 kN.
Displacement,
D
m in 600.00 s. F   dataa was
 , was appllied at a rate of at a rate of 40.00 mm
accquired at a frequency
f
of 5.00 Hz. Figu
ure 6.2 showss the schemattic of the expperimental settup as
deescribed abov
ve.

Figure 6.2:
6 Experimeental Setup.
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6.3.2. Results
Figure 6.3 shows the force, F , -deflection,  , response obtained from the dense tensegrity
structures, loaded until complete loss of resistance. Two distinct regions were observed in the
response. The initial response for all samples exhibit non-linear hardening, typical of tensegrity
structures. It was observed that the structure response was highly repeatable in this region. The
initial non-linear hardening response was limited with the first failure event, F *  300.00 N ,
occurring at  *  14.00 mm . The second region refers to the structure response beyond the onset
of failure. In this region, a sudden and large drop in the load carrying capacity was observed. The
load carrying capacity then increased again for all the samples followed by another sharp drop in
the load response. Three of the four samples demonstrated a small third strength regain before
eventual loss of all force response.
This study mainly focused on the first region i.e. the initial response of the structure. The stiffness
for this region was calculated as K   F   where   1.00 mm . Figure 6.4 shows the K  F
response before onset of failure. Stiffness was seen to be monotonically increasing with the force
magnitude. The intermittent drops in stiffness observed were a result of the small but sudden
drops observed in the F   response which occur presumably due to the presence of slip
between the unit elements. The stiffness at peak load, F * , was found to be K *  30.00 N/mm .
Extrapolating the curve towards F  0.00 N , the initial stiffness of the material was found to be
K 0  8.00 N/mm .
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Figure 6.3: F   response for dense tensegrity TIM assemblies. Multiple peaks were observed
prior to complete loss of resistance to load.
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Figure 6.4: Pre-peak K  F response for dense tensegrity TIM assemblies. The shaded line
shows the fit to the experimentally measured K  F response.
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6.4. Analytical Model

6.4.1. Model Development
In the structures created, the unit elements carried only compression. The tension was carried in
the fiber tows. Calladine (1978) proposed a simple 3-bar analytical model to qualitatively predict
the stiffening response of the tensegrity systems made of multiple struts and cables. In order to
investigate if such a model could hold also for the proposed dense tensegrity structures, a
representative finite element (FE) model was developed, Figure 6.5. Such a model would provide
detailed insight into the interaction of compressive load transfer via the contacting tetrahedra and
the interspersed fiber tows. The model was created in commercially available software ABAQUS
v6.11. The geometric parameters were identical to those used in the physical experiments and
described in Section 2. Each of the tetrahedral unit elements was discretized by the use of 229
tetrahedral shaped elements with 10 nodes and a modified element formulation. The boundary
elements were discretized into 812 linear hexahedral elements. The boundary conditions were
applied to the boundary elements as shown in Figure 6.5. In the figure, u i refers to displacement
in i-direction and  j refers to rotation about j-direction. These conditions were similar to those
applied to the physical experiments. Implicit dynamic algorithm with the quasi-static option was
used together with the General Contact feature. Friction coefficient of 0.30 was selected, in the
range for the measured values of the printed tetrahedra. A flat indentor with diameter,
D  L0 / 10  8.75 mm , was used to apply the load in –Z direction under displacement control

conditions. The material characteristics of the solid were considered as linear elastic. In the
proposed tensegrity TIM assembly, the fiber tows are restraint by the interlocking geometry of
the tetrahedra. To account for this coupling between the tetrahedra locations and the position of
the fiber tows the central tetrahedron of the 7  7 assembly in the FE model was tied using
springs, representing the tensile carrying component, to the prismatic shaped boundary elements
such that springs connected the center of the boundary elements to the center of closest face of
the central tetrahedron. The spring constant was modified until a quantitative match with the
experiment was obtained. The results shown in Figure 6.3 are for a spring constant,

ks, FE = 1.00e8 N/m . For the fiber tows used in this study, the effective spring constant for the
1000 fibers considered to be in parallel comes to be ks, exp = O(1.00e9 N/m) .
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Figure 6.6 shows the development of the compressive load vectors in plane P3 that develop along
the top edges of the unit elements with increasing displacement in Z-direction. These thrust lines
developed as the boundary elements rotated about the hinge, formed along the edges at the center
of which the springs were connected, thus compressing the unit elements. Also shown is the
spring deformation along which the tensile loads develop. The springs stretched as the central
element moved down. In the representative FE model, triangulation of tensile and compressive
load paths was observed between the springs, present in the symmetry plane, and the thrust lines
present in the non-symmetric planes i.e. planes P2 and P3 , Figure 6.5. In classical tensegrity
systems, the triangulation between the compressive and the tensile loads is captured by the simple
3-truss system proposed by Calladine (1978) even though there exist multiple such traingular
systems of compressive and tensile load vectors i.e the same tensile load members form a
triangulated system with multiple compressive members in the structure. Similarly in the current
FE model, and hence by extension, in the proposed design, multiple such traingular systems exist
with compressive vectors in the either planes P2 or P3 and the corresponding tensile load paths
along springs, or fiber tows for the proposed design, that are parallel to these planes.
It was also observed that the distance between the nodes at which the springs were connected to
the abutment did not change. This is shown by the shaded vertical lines in Figure 6.6 which show
the location of the spring end points on the boundary elements. The FE model also demonstrated
a stiffening response similar to that observed in the experimental results as shown in Figure 6.3
and Figure 6.4.
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θY  θZ  0

Figure 6.5: Top view of the representative FE model. Red lines represent the spring elements
connecting the symmetry node of the boundaries to the center of the closest face of the central
tetrahedron. Axial symmetry boundary conditions were used on the boundary elements.
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Based on the above observations, a truss model similar to the one proposed by Calladine (1978)
was developed, Figure 6.7. For the purpose of the development of an analysis of transverse load
transfer the topologically interlocked assembly was replaced by a network of trusses located
along the thrust lines (compressive vectors) (Heyman, 1966; Khandelwal et al., 2012; 2013). The
thrust lines were represented by a rigid truss aligned horizontally (shown in black), while the fiber
tows were represented by two deformable trusses (shown in gray) pin-jointed at the center where
the displacement was developed, Figure 6.7. The rigid and the deformable trusses were simply
supported at the ends. With increasing displacement, the compressive loads in the rigid truss and
tensile loads in the deformable trusses increased. An abstraction of the configuration of Figure 6.7
was used to obtain a closed form expression for the F   response. The mechanical response of
the tensegrity system emerged as a result of a self-equilibrated internal stress state. A mechanics
of materials approach was used to solve the statically indeterminate system resulting from this
approach.
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Figure 6.7: Truss based 2D analytical model (Calladine, 1978) adapted for the tensegrity TIM
assemblies.
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Applying compatibility relation for the fiber,

FS L0
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(6.1)

Making assumptions for small angles,
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Using Eq. (6.2) in Eq. (6.1), the fiber tension was obtained as,
FS L0
2

.
ES AS 6 L0

(6.3)

Force balance on the two supports gave,

F  2 FS sin   ES AS

3
3L03

(6.4)

 F  C  3 .
Here, FS is the force in the fiber, E S is the Young’s modulus of the fiber, AS is the effective area
of cross-section of the thrust line, L0 is the length of the fiber initially, and,  is the
characteristic internal angle. A cubic response was obtained for out-of-plane force, while a
quadratic response was obtained for the fiber tension. The system characteristic constant,

C  ( ES AS )(1/ L03 ) , is thus determined by the fiber stiffness and the geometry of the assembly.

6.4.2. Model Predictions
For the comparison between experimental data and model prediction, we employed the above
formulation in a normalized form which allowed for the determination of the system
characteristic constant. Results were normalized by the peak force, F * , in the considered
displacement range. For experiment Run 3, the peak force occurred at  *  14.10 mm . Fitting the
model prediction with the experiment data in this displacement range, the following relation was
obtained for the pre-peak response,
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F
 
 C  *  ; C  1.00 for   (0.00 mm,  * ) .
*
F
 

(6.5)

For the model, F * implied the force response at the displacement  *  14.10 mm at which the
experiment reaches its peak force. The comparison between the experiment and the model is
depicted in Figure 6.8.
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Figure 6.8: Comparison between the experimentally observed and model predicted F  
response shown normalized by force at  *  14.10 mm .

Taking this ability of the analytical model to predict the stiffening response further, the model
was also used to allow for variable system stiffness by changing the system constant C . For a
given structure of fixed geometry, this represents either controlled changes to the fiber stiffness or
controlled failure of fibers, Eq. (6.4). Figure 6.9 depicts model predictions of the F   response
where the system constant was set to decline throughout the loading process in order to keep a
constant peak force, Fmax . For this particular demonstration of the active structure behavior, Fmax
was taken as the force response at a displacement max,0  10.00 mm for an initial normalized
system

constant

C 0  2.00 .

C  1.00, 0.50 and 0.25 ,

Fmax
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was
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for

normalized
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at

system
a
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displacement
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 max  (C0 / C )1/3   max,0  12.60 mm, 15.87 mm and 20.00 mm . The following relation was
obtained:

 C  
F
  
Fmax  C0    max,0

2.00
1.80
1.60





3








C  2.00 for   (0.00 mm, 10.00 mm)
C  1.00 for   (10.00 mm, 12.60 mm)
.
C  0.50 for   (12.60 mm, 15.87 mm)

(6.6)
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Figure 6.9: Control of F   response and stiffness for dense tensegrity TIM assemblies as
predicted by model obtained by discretely decreasing C .

6.5. Discussion
In the present paper, the following propositions were made: a) TIM assemblies woven together in
a net of elastic fiber tows create dense tensegrity structures in contrast to generally sparse
artificial tensegrity structures; b) Tensegrity TIM assemblies have unique load and failure
response which are distinct from traditional frame-bound TIM assemblies. These dense tensegrity
structures rather behave like biological tensegrity structures such as the musculoskeletal system
of vertebrates, fish scales, turtle shells or armadillo armor which have hard elements packed in
close configuration and held together with elastic components (e.g. muscles, ligaments, skin, or
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sutures); c) The mechanical response of the TIM based dense tensegrity structures can be
explained via a simple 3-bar truss model proposed by Calladine (1978); d) These dense tensegrity
TIM structures are capable of active control of mechanical properties.
The dense tensegrity structures demonstrated a monotonically stiffening F   response. Such a
stiffening response is characteristic of the tensegrity structures (Wendling et al., 1999). Such
tensegrity systems have been used to model the cellular behavior in biological structures which
too were observed to possess a monotonic stiffening response (Wang et al., 1993; Thoumine et
al., 1995). Recently, Krauss et al. (2009) determined the mechanical response of a 3D sutured
turtle shell. These authors demonstrated that, under the action of a transverse load, the turtle shell
elements, interlocked and with no suture, gave a softening F   response, whereas, the turtle
shell elements, interlocked and sutured, as occur naturally, gave a stiffening response. This result
is similar to the response observed for the two variations of TIM assemblies, one constrained by a
rigid frame and with no fibers, and, the other with fibers and no frame, as proposed in this study,
see Figure 6.10. As observed, the rigid frame constrained TIM demonstrated a softening response
which was in sharp contrast to the response of the dense tensegrity TIM structures. The presence
of such a structure in turtles where hard elements are interlocked and held together with a suture
provides protection against impact (in the form of attack by other creatures) combined with
flexibility for locomotion and growth. The same functions can be envisioned for the proposed
structure as part of man-made systems such as a body fitting armor (Yang et al., 2013).
TIM assemblies can also be seen as ordered assemblies of 2D granular crystals. In granular
materials, the force analysis is represented and analyzed via force chains, essentially contact
forces, which span the material, much like the thrust line concept adopted from the analysis of
arches and domes (Heyman, 1966) for the frame constrained TIM assemblies (Khandelwal et al.,
2012; 2013). Recently, granular materials created from hard beads linked with flexible chains
were shown to possess a monotonic strain stiffening response and were used to study the similar
response observed in polymer materials (Brown et al., 2012). Once again, such a response was in
contrast to the softening stress response for packings of granular materials where the granular
elements are independent and not linked with others (Lambe and Whitman, 1969). A similar
structure is observed in the 3D architecture of globular proteins where, at the molecular levels,
the forces of attraction (tension) and repulsion (compression) are balanced through tensegrity
(Zanotti and Guerra, 2003).
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Figure 6.10: Comparison of F   response for Tensegrity TIM assemblies and frame
constrained TIM.

Monotonic stiffening in tensegrity structures is attributed to the triangulation of the compressive
and tensile loads. This was captured in the proposed analytical model based on insights obtained
from the FE model. The analytical model was able to replicate, qualitatively, the force response
observed in the experiments by employing a combination of certain specific fiber material and
assembly geometry parameters which determine the system characteristic constant. The analytical
model, however, has a limitation that it does not capture the effect of variation in properties of the
compression elements since the elements were considered rigid. Nevertheless, for tensegrity TIM
assemblies with unit elements made of material with sufficiently high Young’s modulus, such as
the ones used in the study ( E  1.83 GPa ), the model can be used justifiably.
The model’s ability to capture the experimental results for the pre-peak response was then used to
demonstrate a variable stiffness structure. This was achieved by sequentially reducing the
normalized constant, C , as the force reached a pre-determined magnitude. Although this was
demonstrated by using discrete values of C leading to relatively large drops in force as seen in
Figure 6.9, the same approach can be used to achieve a constant force response by continuously
3
varying the system constant with displacement as C  C 0   0 /   . Here C 0  ( ES,0 AS,0 )(1 / L0 3 ) ,

Eq. (6.4), is the initial system constant determined for a given assembly geometry, i.e. constant
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L0 , and, the initial modulus, ES,0 , and thickness, AS,0 , of the tension carrying member.  0 is the

displacement at which the peak force Fmax is reached for C 0 . For a dense tensegrity TIM using
fiber tow, as proposed here, C 0 can be reduced by reducing AS,0 by controlled failure and
removal of the fibers from the tow. For a dense tensegrity TIM using shape memory wires as the
tension carrying members, C 0 can be reduced by changing the wire modulus ES,0 .
Such a structure can be used for adaptive energy absorption over large deformations until
complete failure of the fiber tows or the assembly occurs. Similar use of sparse truss and string
based tensegrity structures has been discussed in several studies (Djouadi et al., 1998; Fest et al.,
2004; Raja and Narayanan, 2007). Those studies achieve control of structure stiffness by either
controlling the length of the compression members or by changing the stiffness or preload of the
tension carrying members. This is essentially the same method as described in this study where
the system constant can be changed by changing either the unit element geometry or the fiber
material properties, Eq. (6.4). Oppenheim and Williams (2001) discussed the active control of a
three-bar tensegrity structure for vibration damping. An analytical model, similar to one presented
in the current study, was presented. Design implications for space applications were discussed.
Although this paper primarily focused on the pre-peak stiffening response of the proposed dense
tensegrity TIM assemblies, their unique failure characteristic, wherein the structures showed a
sequential, non-monotonic response before total loss of force, merits a discussion. Interestingly,
the loss in force response was seen not due to the catastrophic failure of the material like the one
observed for the frame constrained TIM assemblies, but because the indentor (the linear actuator,
Figure 6.2) lost contact with material as it slipped through the opened gaps between unit elements
and the fiber and hence no longer pushed the material down leading to no force registered by the
force transducer. The material was seen to be intact at this event, although with partial fiber
failure, Figure 6.11(a-b), suggesting further capacity to carry load. This holds significance as it
implies that the overall energy absorption capacity of the structure is higher than that determined
by the F   response shown in this study. It also implies that the material is reusable under the
action of multiple load cycles, albeit with lower stiffness.
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happens for soccer/football/basketball players, reduces the functional performance of the knee but
does not lead to complete loss of function by the body, or even the knee which in most cases still
allows walking straight or carrying small loads. This property of these dense tensegrity TIM
structures can be applied to creating failure resistant flexible structures that provide high strength
and stiffness, and, where the drop in stiffness would give a warning before total failure. As an
example, a load carrying structure such as a bridge, made out of dense tensegrity TIM assemblies
will provide a hard and stiff surface to walk/drive on and will be safe as only sequential loss of
strength shall occur. There, the first drop in strength or stiffness can be used as a signal to repair
the structure locally. This is unlike traditional bridges that show sudden and catastrophic failure
and loss of lives. For the dense tensegrity TIM assemblies, increasing the number of load carrying
fibers per tow and/or fiber tows used will thus further enhance the failure behavior. Interestingly,
such a sequential failure behavior with monotonic stiffening response has also been observed in
spider silk (Cranford et al., 2012). This may not be surprising as the mechanics of spider webs,
compared to the spoked bicycle wheel, has been explained via tensegrity (Connelly and Back,
1998).
Finally, another implication of the proposed structure is envisioned in creating hierarchical
structures at multiple length scales, similar to that seen in the musculoskeletal system down from
the bone and ligament connections to the cellular level. While we use two fiber tows in this study,
similar mechanical properties shall be observed for larger number of fiber tows as the mechanics
remains the same. Such dense tensegrity TIM assemblies can be connected via the fiber ends,
currently tied at the boundaries, to create large segmented plates of various scales. These
segmented plates can then be further connected in 3D, again, via the fiber ends for the individual
plates that form the boundaries. The resulting structure might give the same stiffening response if
dense tensegrity nature is preserved or can be made to give a dense tensegrity-like response
locally while giving a different response globally, say, when the final structure is enclosed in a
frame, much like the traditional TIM assemblies.

6.6. Conclusions
Tensegrity structures are ubiquitous in nature. A few examples, relevant to this study, are the
turtle shell, the human spine, the shark tesserae, and, the cranial vault. These biological structures
have been shown to form the basis by which organisms interact physically with their surrounding
world transferring the loads from the musculoskeletal structure at the macro level, providing
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damage tolerance and flexibility, to the cellular level, spurring critical events as gene expression
and growth, vital for evolution, in the process. Ever since Fuller’s and Snelson’s inventions, these
structures have also become a part of popular architecture. These structures have been
demonstrated to possess a variety of interesting properties such as strain-stiffening, high specific
stiffness and strength, and, active control of mechanical properties. However, while the natural
tensegrity structures are usually space filling, the man-made structures are more often than not
sparse in design. In this study, a dense tensegrity structure inspired by the aforementioned
biological structures was proposed. The design expanded the concept of topologically interlocked
materials, which are ordered 2D assemblies of platonic polyhedral shaped unit elements, by
weaving the unit elements in a net of elastic fiber. Experiments demonstrated a unique sequential
failure response similar to that observed in biological structures such as the musculoskeletal
system. A previously proposed truss based analytical model was adopted based on insights
obtained from a representative FE model. The model predictions matched the experimentally
observed initial stiffening response. The material was shown to possess the ability for active
stiffness control by changing the system characteristic constant. Such a change in the constant
was interpreted to represent the sequential controlled failure of fibers. Similarly, the secondary
structure response observed in the experiments was obtained by reducing this constant. The
proposed structure thus demonstrated several key properties that are characteristic of the
tensegrity structures: a) separation of compression carrying and tension carrying members, b)
triangulation of compression and tension under the action of external load, c) monotonic strainstiffening, and, d) active control of mechanical properties. A novel bio-inspired structure that
combined the concepts of tensegrity with topological interlocking was thus demonstrated.
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CHAPTER 7. CONCLUSIONS AND FUTURE RECOMMENDATIONS

7.1. Summary
This thesis discussed a recently proposed novel design, topologically interlocked materials (TIM
assemblies). Past research has shown the primary application of TIM assemblies for creating
reusable damage tolerant materials from brittle elements. The possibility of achieving variable
stiffness control by control of external pressure, much like that of granular materials, was also
demonstrated. However, a due diligence on the mechanical properties by means of analysis was
missing. It was also noted that the aforementioned applications were but a few of the many others
possible by using these materials. This is because TIM assemblies use a bottom-up approach to
designing materials. The bottom up approach lends itself to a combinatorial process of designing
materials from the basic building blocks to the assembly level modifications. For TIM
assemblies, the final mechanical properties could be obtained by combining in one or more ways
the various influence factors, such as scale, shape, composition, contact interactions, arrangement
and external pressure, that affect the properties of TIM assemblies. To a designer, these influence
factors instead become the control parameters which can be manipulated for tuning the overall
properties for the desired functional requirements.
With these insights in mind, it was thus hypothesized that these control parameters can be
exploited to create a family of materials that can be used to fill the material property space. The
research explored the veracity of this hypothesis by means of experiments and analysis. The
major outcomes of this study were, i) analytical models that were predictive of the effect of
change in overall material properties due to change in scale, microstructure, and constituent
material modulus, and, ii) novel designs that went beyond the originally proposed TIM designs by
changing the microstructure, external pressure, or even the manner of assembly of the unit
elements. This lead specifically to designs which were called respectively, Cellular TIM
assemblies, Adaptive TIM assemblies and Tensegrity TIM assemblies.
The major observations made in each study are discussed below.
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7.1.1. Cellular TIM Assemblies
In the study outlined in Chapter 2, Cellular TIM assemblies of varying relative density were
investigated for their mechanical properties using physical experiments and analysis. The
following major observations were made:


The critical displacements of peak force,  * , and loss of load carrying capability  f ,
were independent of the relative density.



Sitffness, K, strength, F * , and, toughness, W for the TIM assemblies declined linearly
with the decrease in relative density.



The deformation within the monolayers decreased linearly from the indented tetrahedron
out to the abutments.



FE simulations also showed the development of thrust lines or compressive force vectors
in the material.



A simple truss based analytical model using the concept of thrust line analysis was
created.



Good qualitative match was found between the experimentally observed results and the
model predictions.



The model showed that the critical deflections are independent of the material properties
and only depend on the external geometry of the TIM plates i.e. thickness and length.



Three distinct regions where the slope of the post-peak softening response changed were
observed in the experiments. Model captured this result and determined the reason for
this behavior to be the sequential loss of out-of-plane reaction force in planes carrying
thrust lines starting with the inner most plane passing through the central tetrahedron. The
planes stop contributing to out-of-plane reaction force as the thrust lines in that plane
become collinear. A horizontal reaction force was, however, shown to still exist.



TIM assemblies were thus shown to provide a unique way of creating weight efficient
structures since the observed mechanical properties of stiffness, strength and toughness
possessed a linear and positive correlation with relative density which represents the
theoretical Voigt upper bound of making cellular solids and not generally achieved by
artificially manufactured cellular solids due to the presence of defects.

136
7.1.2. Variable Stiffness, Adaptive Energy Dissipating TIM Assemblies
In the study discussed in Chapter 3 the role of active and adaptive external constraints was
considered using physical experiments and analytical modeling. The following major
observations were made:


The results demonstrated that active control of the in-plane force could be used to achieve
variable stiffness, energy dissipation characteristics. TIM assemblies were shown to
possess the ability of providing positive, zero and negative stiffness over large
deformations.



The response for adaptively controlled materials was enveloped by the response obtained
for material with fixed constraints.



Critical deflection,  c , beyond which materials’ load carrying capacity started decreasing
for the active control experiments was seen to be larger than the critical deflection,  * , at
which peak load was obtained for the material with no control while the deflection,  f ,
at which the actively controlled materials lost their load carrying capacity, was seen to be
less than that observed for the experiment with fixed constraints.



The analytical model captures the same trend for the critical deflections, although it over
predicts both  c and  f due to the assumption of no-slip condition.



Both, the experiments and the model, show that the in-plane force continues to increase
beyond  c . For the experiment, the in-plane force declined steeply leading to total loss of
in-plane force at  f upon catastrophic failure of the material where as for the model,
while the in-plane load decreases sharply beyond peak, this force component still exists
even as the out-of-plane force vanishes.



For

K T  0.00 N/mm ,  c decreased linearly with increase in

Fc

reaching the

displacement,  * , at which maximum force, F * , is obtained for TIM with no boundary
control.


The energy absorption curves (W  F ) for various desired force levels at constant
stiffness, K T  0.00 N/mm show that, for TIM assemblies, the force declines beyond the
maximum plateau strain while energy absorption is still significant. The curves are in
contrast to those observed for foams where beyond the maximum plateau strain, due to
crushing, the stress increases sharply without much further increase in energy absorption.
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Adaptive topologically interlocked materials were thus shown to solve the conflicting
requirements of energy dissipation while keeping low peak loads over large
deformations. Implementation of such a smart structure with controllable energy
dissipation and peak stress characteristics for applications in protective packaging, and,
an adaptive catching mechanism, were discussed in detail via case studies.

7.1.3. Microstructure-Property Relationships: Stiffness, Strength And Toughness Scaling Laws
In the study outlined in Chapter 4, analytical and numerical models were exteneded to determine
the stiffness scaling laws for TIM assemblies with no-slip contact conditions between all
contacting surfaces. The following observations were made:


Force analysis was performed using thrust lines which develop and deform similar to a
web of weightless strings under the action of point loads similar to the inverted hanging
chain analogy used for the analysis of arches.



For plates with large aspect ratios, the stiffness of the TIM assemblies varied with edge
3 2
length, a0 , and, plate length, L0 , as KTIM  Ea0 L0 . The scaling laws were seen to hold as

long as the stiffness was measured at deformations greater than 1.00% of the unit element
edge length.


Stiffness of the reference 7  7 TIM assembly was found to be nearly one-half the
stiffness of corresponding fused plate.



Effect of slip on the stiffness of TIM assemblies was also demonstrated using the
numerical models. It was found that the stiffness reduces exponentially with slip however
the obtained scaling power law still holds. The effect of slip was to reduce the angle,  ,
subtended by the thrust line with the horizontal. F is directly related to  and hence
lower  leads to lower F.



Scaling law powers TIM assemblies were thus found to closely resemble those of
classical plate theory despite the distinctly different underlying mechanics and theory of
TIM deformation.

In Chapter 5 the analytical model was extended to theoretically predict the strength and toughness
scaling response of TIM assemblies. The following observations were made:


Toughness, strength and stiffness were seen to hold a positive correlation with each other.
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Strength and toughness were found to be dependent only on the elastic modulus of unit
elements and the aspect ratio of the TIM assemblies and were independent of element and
assembly size. This was unlike monolithic materials which show a characteristic size
scaling effect on strength.



These scaling laws combined with those obtained for stiffness in the previous study were
used to propose design rules for filling the material property space. These rules were
demonstrated using case studies whereby TIM assemblies of a certain aspect ratio, size
and building material modulus were designed to achieve the same optimal properties,
such as energy absorption, observed for natural materials of the same dimensions such as
nacre.

7.1.4. Tensegrity TIM Assemblies
In the study outlined in Chapter 6, a novel material design was proposed by combining the
concept of tensegrity with topological interlocking and recognizing the similarities in the bottom
up approach employed for creating TIM assemblies and those used for biological structures. The
resulting dense tensegrity TIM structure was investigated for its mechanical properties. The
following major observations were made:


( F   ) data show a non-linear hardening response characteristic of tensegrity structures.
The force-deflection response of the tensegrity TIM assemblies was thus in contrast to
the traditional rigid frame constrained TIM assemblies which show a gradual softening
response.



The material response was highly repeatable until first failure event.



The proposed structure regained strength multiple times before eventual loss of load
carrying capacity. This loss in load capacity was observed to be due to lack of resistance
on the linear actuator as it slipped through the openings in the fiber net and the unit
elements. Thus, the structure possesses a larger energy absorption capacity than would be
calculated from the ( F   ) response.



A representative FE model was used to verify the validity of a simple three-bar analytical
model proposed by Calladine (1978) for tensegrity structures. The model showed
triangulation between the compressive and the tensile load vectors in the assembly. The
FE model, calibrated by modifying spring stiffness, gave quantitatively and qualitatively
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similar results as those obtained from the experiments. These insights verified the use of
Calladine's analytical model for the proposed design.


The analytical model gave a cubic variation of force with applied displacement,
explaining the non-linear hardening response of the dense tensegrity TIM structures.



The model capabilities were expanded to demonstrate active control of stiffness by
varying a system characteristic constant.



The model was also used to explain the observed sequential failure response. It was
demonstrated that a sequential failure response would be obtained as a result of the
sequential, partial failure of the fibers in the tow leading to a decrease in the effective tow
stiffness and hence stiffness of the material while still providing the ability to carry loads.
Careful observation of the tested samples showed partial fiber failure.



A dense bio-inspired tensegrity structure with unique loading and failure characteristics
was thus proposed.

7.2. Future Work
So far, this thesis has discussed the effect of changing the microstructure, confinement pressure,
scale and manner of assembly on the physical properties of TIM assemblies. The designs and the
corresponding models proposed lend themselves to further developments. The models can be
tuned to give a better quantitative match to the experiments, while the proposed designs can be
further improved by either optimizing the designs or by making them multifunctional. Similarly,
other control parameters such as surface modification and interlocking in 3D by building on the
2D interlocking TIM assemblies discussed here, can be used to create novel material designs.
Efforts were made in a few of these directions as short studies. Some of the proposals for future
work are now discussed briefly.

7.2.1. Analytical Model Enhancement
Two analytical models were developed in this study, one for the rigid frame constrained TIM
assemblies, and, the other for the dense tensegrity TIM assemblies. Both these models were
shown to possess the ability to capture the observed physical results. The thrust line based model
for the frame constrained TIM assemblies was especially shown to possess predictive powers
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with model predictions showing a strong match with the experimentally observed results.
However, an area of major difference lay in the accurate prediction of the deflection at which
failure occurs. This was because the model assumed an ideal no-slip condition whereas the
experiments used elements with coefficient of friction < 1.00. Thus, further enhancement of the
analytical model is required to capture the complete response accurately. The effect of slip on the
stiffness was discussed in Chapter 4. This can be used as a starting point to modify the model
wherein the effect of slip can be brought in by replacing  by an effective angle, eff , that is
lower than  . This will also lead to reaching the failure event for a smaller applied displacement
compared to that predicted by the model with no-slip.
The analytical model developed in the study of dense tensegrity TIM assemblies lacked predicted
powers. The model was used more as a fitting tool to explain the observed experimental results
than for predicting when the failure will occur as was possible by the model for the frame
constrained TIM assemblies. Such a predictive model was much more difficult due to the
numerous factors such as the effect of unit element surface friction on the fiber tow or the effect
of sharp edges around which the fiber was tied behind the boundary elements among others that
were acting simultaneously and with equal influence on the observed material response.
Nevertheless, the simple model still captures to a large extent the material response. However, the
model indeed does require enhancement using a much more detailed numerical analysis similar to
those shown by Skelton et al. (2001), Volokh et al. (2000) and Wendling et al., (1999) to capture
the observed experimental response.

7.2.2. Novel Material Designs
This thesis has delved deeper into understanding the fundamental mechanics of topologically
interlocked materials. Along the way several novel designs were proposed such as 'Cellular TIM
assemblies', 'Adaptive TIM assemblies' and 'Dense Tensegrity TIM assemblies'. The research
performed in this dissertation is however only an opening into the amazing new world of
architectured materials which are the future of materials design. TIM assemblies, by virtue of a
multitude of control parameters from scale and shape to composition and arrangement open up
the doors to several kinds of new materials with their own unique, advantageous and interesting
properties. A few of these hypothesized materials are now discussed.
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7.2.2.1. Optimized Multiphase TIM Assemblies
Chapter 2 studied the effect of microstructure modification on TIM properties by means of using
cellular unit elements. Here, we propose a few extensions of the idea with preliminary results.
7.2.2.1.1. Composite TIM assemblies
Aircraft engineers, automobile makers, and designers of sports equipment all have one thing in
common: they want materials that are stiff, strong, tough and light (Ashby and Brechet, 2003).
The single-material choices that best achieve this are the light alloys: alloys based on magnesium,
aluminum and titanium. Much research aims at improving their properties. But they are not all
that light—polymers have much lower densities. Nor are they all that stiff—ceramics are much
stiffer and, especially in the form of small particles or thin fibers, much stronger. These
conflicting interests are overcome by the creation of a class of hybrid materials known as
composites. Composite materials are engineered or naturally occurring materials made from two
or more constituent materials with significantly different physical or chemical properties which
remain separate and distinct at the macroscopic or microscopic scale within the finished structure.
A common example of a composite would be disc brake pads, which consists of hard ceramic
particles embedded in soft metal matrix. Another example is found in shower stalls and bathtubs
which are made of fiberglass. Imitation granite and cultured marble sinks and countertops are also
widely used.
Chapter 2 discussed the use of multiphase TIM assemblies in the form of cellular TIM assemblies
using unit elements filled with air. The functionality of these TIM assemblies can be further
extended by making them carriers of other phases solid, liquid or different gas other than air
depending on the functional requirements. One way to expand the functionality of the TIM
assemblies is to fill them with solid phase materials that are shock absorbing such as rubber, or
packed sand. The use of a tough material is proposed to contrast with the brittle material obtained
from the 3D printer and is inspired by the biological structure like bone where the hard outer
material holds soft marrow. It is hypothesized that these hybrid tetrahedra will be tougher i.e.
have larger energy absorption than the cellular TIM assemblies. Such TIM assemblies can then be
used as packing material or inserts at places where vibration damping is important. Preliminary
tests were indeed performed to test such composite TIM assemblies. The TIM assemblies with

 *  0.78 were filled with silicone rubber to make a hybrid with two different solid materials, a
brittle outer layer and a pliant inner core, with the hypothesis that it will increase the energy
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absorption of these TIM assemblies. One side of the tetrahedron was drilled with a 3.00 mm hole
and liquid silicon rubber was injected into the hollow cavity. The liquid mold was made by
mixing one part of catalyst (HobbyCast 160 B) to ten parts of base (HobbyCast 160 A) and
stirring until the mixture was uniform. The mold was injected into the tetrahedron using a syringe
which made possible equal calibrated amounts of mold to be injected into the tetrahedra. TIM
assemblies made with these filled tetrahedra were tested under same conditions as all other
materials as previously described. The relative density of the filled tetrahedra was  *  1.14 .
These hybrid TIM assemblies were subjected to drop tower tests similar to those described earlier
for cellular TIM assemblies at zero prestress. The stiffness, strength and toughness for these
silicone rubber filled TIM assemblies were found to be lower than the dense TIM assemblies and
the cellular TIM assemblies, Figure 7.1. This is surprising as even though the stiffness was
expected to be low, due to rule of mixtures, the toughness was expected to be higher for this
material since silicone rubber is much more pliant than brittle ABS, which the other materials
were made of. Further exploration is thus required for establishing the veracity of these results
and also to understand the mechanics of these hybrid TIM assemblies.
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Figure 7.1: Mechanical response of TIM assemblies with Silicone Rubber filled unit elements vs.
those with hollow and dense (i.e. single phase) unit elements. (a) Strength vs. Relative Density,
(b) Toughness vs. Relative Density, (c) Stiffness vs. Relative Density.
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7.2.2.1.2. Microstructure Optimization
During the cellular TIM study, it was observed that TIM assemblies made of unit elements with

 *  0.78 gave higher mean stiffness, strength and toughness values than the linear trend with
density shown by the other materials. The study discussed in Chapter 2 ignores wall bending. It is
now hypothesized that such an observation is an outcome of the optimization taking place
between the two major modes of deformation in TIM assemblies: contact opening, and, unit
element wall bending. Further investigation shows that indeed the hypothesis has some merit.
Wall bending becomes dominant as relative density decreases while contact opening becomes
dominant a relative density increases. This results in higher internal stresses for TIM assemblies
made of unit elements with  *  0.48 due to wall bending and in TIM assemblies made of unit
elements with  *  1.00 at the corners for the same amount of out-of-plane reaction force, Figure
7.2. This suggests an optimum load carrying material for intermediate relative density cellular
TIM assemblies.
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Figure 7.5 shows the variation in potential difference in TIM assemblies. Comparison is made
with the monolithic plate response. It was seen that in the domain of interest for such materials
i.e. for deformations beyond which the thrust lines develop (taken to be   1.00 mm here for the
TIM assemblies made of unit elements with edge length 25.00 mm), the potential difference in
the material in the direction of applied flux, here the Y-direction, is significant and varies linearly,
Figure 7.5(a). Moreover, potential difference changes with change in load location. Figure 7.5(b)
shows that potential difference is also sensitive to asymmetry in load location with respect to the
applied flux direction; when load is applied at B, located asymmetrically with respect to the Ysymmetry axis of the material, the potential difference in X-direction, V X , is much different from
that measured when load is applied at O or A which give nearly the same V X variation. These
results verify the hypothesis made earlier.
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Figure 7.5: Measured voltage difference in the (a) Y- , and, (b) X- directions for the TIM
assemblies. Comparison with monolithic plate response is given for the Y-direction only as there
was no flux in the X-direction in the monolithic plate.
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Figure 7.6: (a) Electro-mechanical analytical model to explain load self-sensing for TIM
assemblies. (b) Resistor analogy is used.

To explain the numerically observed results, an analytical model was created, Figure 7.6(a), by
modifying the mechanical model proposed earlier in this study. A resistor analogy was used to
explain the model, Figure 7.6(b). As the displacement,  , in the given plane increases, the angle
between the thrust lines,  , representative of the contact opening, g, between the unit elements
increases. The contact resistance, Rcontact , between two surfaces is known to be linearly
proportional to the contact opening. Written in numerical form, one obtains,

  C1   0 ; g  C2 ; (g  Contact Opening)
 Rcontact  C3 g  C 4  C5 .

(7.1)

where  0 is the initial angle between the thrust lines and Ci (i =1, 2, 3, 4) are constants of
proportionality. The potential difference, V, is linearly proportional to the resistance for a given
flux, I, between two surfaces i.e. V  IRcontact . The following relation is thus obtained:





 V  I C 4   C 5 .

(7.2)

Model thus captures the proportional variation of potential difference with applied displacement.
While this presented short study shows the ability of TIM assemblies to be applicable as selfsensing materials, an experimental verification remains. Furthermore, the response of TIM
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7.2.2.3. Multiffunctional, Hiierarchical TIM Assembliees
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structure in vertebrates in general. To further take inspiration from such a system, a few other
relatively straightforward modifications to the design are proposed:
i.

Use of cellular unit elements, either filled with air or of a soft energy absorbing material
just like observed in the bones. Such a structure is hypothesized to provide a similar
response as observed earlier while possibly showing trends similar to those observed for
the frame constrained TIM assemblies with cellular unit elements. A positive strength,
stiffness variation with relative density is thus expected.

ii.

Use of irregular/asymmetric unit elements for providing bidirectional stiffness response
i.e. a directional bias in stiffness response in each direction much like that observed for
spines and in fish scales. A preliminary verification of this hypothesis was performed by
creating dense tensegrity TIM assemblies using elements that were of the Janus variety
i.e. the unit element consisted of two separate materials, one hard and other soft (Figure
7.8(a)), making up either halves of the tetrahedral unit element. Preliminary results
indeed showed a strong directional bias in stiffness, Figure 7.8(b).

iii.

Hierarchical structures. The novel monolayer dense tensegrity TIM design proposed in
this study allows creation of hierarchical structures by connecting multiple such
monolayers using the fiber tow ends

of individual assemblies in each of the two

orthogonal directions. Furthermore, it is hypothesized that even with multiple fiber tows
used in a single monolayer, the observed mechanical response will still persist. Thus,
tensegrity TIM assemblies with multiple fiber tows can be created. Of these, a few can be
used to connect with other assemblies in the plane while the others can be used to connect
with assemblies in the transverse direction creating a multilayer structure. The properties
of such a multilayer hierarchical structure will be locally of the type demonstrated in the
study on dense tensegrity TIM assemblies, Chapter 6. However, at the global level, the
structure might possess certain unique strength, stiffness and failure characteristics which
need to be further explored following a similar procedure in Chapter 6.
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Figure 7.8: (a) Janus type unit element used to create a tensegrity TIM structure similar to that
shown in Chapter 6. (b) The bidirectional stiffness response obtained when the material was
indented on the hard (ABS) side vs. when indented on the soft (Rubber) side.

7.2.2.4. TIM Assemblies With Adhesive Surface
Of the various parameters that affect the properties of TIM assemblies, one that was not
specifically discussed in this study was the control of surface interaction between the contacting
unit elements. While the physical experiments used elements with a friction coefficient in the
range of 0.20 to 0.70, the analysis proposed in this study confined itself to the ideal no-slip
condition. Surface modification is thus another are that can be explored with interesting results. In
order to physically achieve a perfect no-slip condition, unit elements with Velcro layer attached
to the surfaces can be used. Another example of surface modification might be the use of a thin
layer of a weak adhesive applied on the unit element surfaces. The adhesive layer design might
increase energy dissipation similar to that observed in nacre which has hard interlocking
aragonite tablets with a very thin organic layer to dissipate strains.
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TIM assemblies made of weak adhesive layers on the surface will also help in the self-assembly
of the unit elements, another area that has not been explored, but might become relevant given
that the advantages of TIM assemblies can be realized at the micro level for designing materials
with optimal properties as was discussed in Chapter 5.
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APPENDIX A: MODEL DEVELOPMENT FOR ASYMMETRIC TIM ASSEMBLIES

A.1. Asymmetric Loading Of Square TIM Assemblies
In the current study, an analytical model was developed for the frame constrained, abutment
supported square TIM assemblies. These square TIM assemblies were loaded symmetrically at
the central tetrahedral element. Here, the effect of loading the TIM assemblies asymmetrically on
the analytical model is discussed. In the spirit of the approach used earlier, the FE model used for
abstracting the analytical model is used again, this time however, with asymmetric loading
conditions.
The FE model used is shown in Figure A.1(a). As before, the abutments are fixed in space.
Displacement was applied quasistatically in the -Y direction via the indentor located at the offcenter position shown as the black filled circle. Figure A.1(b) shows the thrust lines that develop
in the material in top view. Figure A.2(a) shows the thrust lines in cross-section view for plane
P1 . An abstraction of the thrust lines as trusses is shown in Figure A.2(b). These observations

show that the thrust lines develop similarly as for the symmetrical loading and that there is no
rotation in the central truss element which . Hence the developed model can be used as earlier by
taking into considerations the diference in lengths in the trusses and the corresponding angles
subtended with horizontal i.e. in other words, by accounting for the asymmetricity.
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Figure A.1: (a)) Top view off the FE modeel used (b) Toop view of thee deformed T
TIM showing thrust
lines.
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Figure A.2: (a) Cross-secction view off the thrust linnes in plane P1 . (b) Truss liine based moddel
abstractionn.

A.2.. Rectangularr TIM Assembblies
Another
A
form of asymmetrricity that neeeds to be coonsidered is tthe use of reectangular, buut not
sq
quare TIM asssemblies. Off specific interest are TIM assemblies w
with large lenngth to width ratios
reendering them
m similar to beams
b
as agaiinst rectangullar plates whiich the TIM aassemblies haave so
faar been compaared to. Altho
ough the speccifics of the m
model are not developed in detail here, thhe FE
model
m
is again
n used to show
w the similarrities and keyy differences that shall havve to be takenn into
co
onsideration for
f analysing such TIM asssemblies.
The
T FE model used is show
wn in Figure A.3(a).
A
The T
TIM assemblyy is loaded syymmetrically at the
ceenter using the
t indentor with diametter, D  0.700a0 . Figure A.3(b) show
ws the thrust lines
deevelopmed in
n the materiaal in top view
w. Although the thrust linnes develop ssimilarly as bbefore
within
w
each off the planes, the key diffeerence to be noted here is that the thrrust lines are most
prrominent in the
t width i.e.. the shorter dimension. T
This is made clear furtherr by looking at the
th
hrust lines alo
ong the longer and shorter dimensions. Figure A.4 shhows the thruust lines in thhe two
sy
ymmetric plan
nes for the material
m
being studied. Nott only are thee thrust lines m
more prominnent in
th
he shorter dim
mension, these are the only thrust liness that interactt with the bouundaries. Thiis fact
caan be used to obain a simp
pler analysis by
b ignoring thhe contributioon of the thruust planes alonng the
leength. The prreviously dev
veloped modeel can thus bbe again usedd albeit withh modificationns for
assymmetricity,, here, by loo
oking at only the thrust plaanes along thhe shorter dim
mension for a close
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ap
pproximation
n to the forcee response. For
F a compleete analysis, tthe model caan be modified by
ad
dding the con
ntributions off the thrust planes
p
in the two dimensions with diffferent initiall truss
leengths.

(a
a)

(b
b)
o the FE mod
del used for th
the slender TIIM assemblies. (b) Topview
w of
Figure A.3: (a) Top view of
the thrust lin
nes developedd in the materrial.

(a
a)

(b)
Figure A.4: Side
S view of the
t thrust linees in planes, (aa) P1 (in com
mplete and zooomed in), andd, (b)
P2 .
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APPENDIX B: MISCELLANEOUS DETAILS FOR PHYSICAL AND NUMERICAL
EXPERIMENTS

B.1. Mechanical Properties Of ABS P400
Table B.1 shows the relevant mechanical properties for ABS P400 used in the 3D printer for
creating unit elements. The values are provided by Stratasys.

Table B.1: Mechanical properties of ABS used in Dimension SST 1200 3D printer.

Mechanical Property

Test Method

Value

Tensile Strength

ASTM D638

34.80 MPa

Tensile Modulus

ASTM D638

1,827.00 MPa

Flexural Strength

ASTM D790

50.00 MPa

Flexural Modulus

ASTM D790

1,863.00 MPa

B.2. Pressure Sensor Calibration
The pressure sensors were calibrated by hooking them up with a multimeter and then
calibrating the output voltage using measuring weights in an increasing order of weight from 0.12
kg to 3.02 kg. It was made sure that the weights were only applied on the pressure sensor by
creating a weight holder with two symmetrically placed cylindrical legs, Figure B.1. Each of
these legs stood on a pressure sensor one of which was being calibrated while the other one was
not hooked to the multimeter. The unused pressure sensor was there to make sure that weight was
equally applied through the legs. It was then noted that the measured reading was for half the
weight used. The pressure sensor calibration was done in two ways. In one method of calibration,
the weights were kept for duration of 30.00 s before the voltage reading from the multimeter was
taken. In the second method of calibration, the voltage reading was taken instantaneously as the
weight was placed on the pressure sensor. Both the methods gave nearly the same calibration,
Figure B.2. Linearity of the measured force response with applied force was thus confirmed.
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(a)

(b)
f placing thee circular weiights. (a) Thee circular seatt fitting externnal
Figure B.1:: Stand used for
diameter off weights. (b)) Side view shhowing the leegs of the stannd.
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Figure B.2: Readings taken from pressure sensor calibrations (a) instantaneously and (b) after
resting the weight for 30.00 s.
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B.3. Effect Of Friction
Simulations with
w
infinitely
y high frictiion were seeen not possiible to run due to num
merical
co
onvergence isssues and hen
nce coefficien
nt of friction,   100.00 w
was used. But it still remainned to
bee proved thatt for this fricttion coefficient, there wouuld be no slipp or near zeroo slip betweenn unit
ellements. Mod
dels with   2.00, 10.00, 100.00
1
were ccompared to oobserve the eeffect of frictiion. It
was
w found thaat for   100
0.00 the ratio
o of the magnnitude of slipp with respecct to magnituude of
op
pening decreeased to nearr zero as fricction coefficiient reached 100.00, Figuure B.3(a). Inn this
fiigure,  is the path length
h, as shown in
n Figure B.3((b) starting att the lower ennd to the top along
th
he altitude off the face triaangle. Thus,  = 100.00 was consideered to be suufficiently rouugh to
prrevent slip th
hrough the assembly, altho
ough small am
mount of slipp is still preseent at the inddented
teetrahedron.
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 = 2.00
 = 10.00
 = 100.00

Contact Slip/ Contact Opening

2.50
2.00
1.50
1.00
0.50
0.00
-0.50
-1.00
0.0
00

5.00

(a)

10.00



15.00

20.00

(b)
Figure
F
B.3: (aa) Slip to open
ning ratio along the shownn path length iin (b). The inndentor acts onn the
top
p edge of the tetrahedron sshown in the ffigure.
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APPENDIX C: MATLAB CODE DERIVED FROM THE ANALYTICAL MODEL FOR
ABUTMENT SUPPORTED TIM ASSEMBLIES WITH NO PRELOAD

C.1. Fixed Constraints
The following code is for obtaining the force-deflection response of the TIM assemblies with
passive constraints.
_________
%function Section_P_i(a_0,x_0, y_0, deltatilde_1)
%Basic input quantities defined
N = 7;
a_0 = 25;
U_B = 0.0; % FIXED BOUNDARIES
% Final deflection at which the system will fail
delta_final = (N+1)*a_0/(4*2^0.5);
% Increments
incmax = 1000;
deltainc = delta_final/incmax;
% Force initialization
F_V_total = [0];
F_H_total = [0];
F_V_total_loop = [0];%only for loops
F_H_total_loop = [0];%only for loops
% Work initialization
W = 0;

%CONTROL PARAMETERS
delta_max = 40.0;
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% Matrix Initializations before force calculations
for k=1:(N-1)/2 % Loop in the cross-sections starts here
f_h(1,k) = 0;
f_v(1,k) = 0;
delta(1,k) = 0;
F_V_total_loop(1,k) = 0;
end
% ANALYSIS LOOP
for i=2:incmax % loop for each deflection increment starts here
L_0(i) = 0.5*(N - 2)*(a_0/2)*(1 - U_B/(a_0*N*0.5));
H_e(i) = ((3^0.5)/4)*a_0;
x_0(i) = L_0(i) + H_e(i)*cos(55*pi/180);
y_0(i) = H_e(i)*sin(55*pi/180) + a_0/(2*2^0.5);
r_0(i) = (x_0(i)^2 + y_0(i)^2)^0.5;
for k=1:(N-1)/2 % Loop in the cross-sections starts here
delta(i,k) = i*deltainc; % applied displacement
%parameters specific to each cross-section
%parameters specific to each increment
deltatilde_1(i,k) = delta(i,k)*((N + 1)/2 -(k - 1))/((N + 1)/2); %deflection in the cross-section
hstar_1(i,k) = (x_0(i)^2 + (y_0(i) - deltatilde_1(i,k))^2)^0.5;
% Coefficients of the fourth order equation for the given state
A_1(1) = (r_0(i) + a_0/2)^2*(a_0/2)^2;
A_1(2) = 2*x_0(i)*(a_0/2)^2*(r_0(i) + a_0/2) + x_0(i)*a_0*(r_0(i) + a_0/2)^2;
A_1(3) = ((r_0(i) + a_0/2)^2)*(hstar_1(i,k)^2) + (x_0(i)*a_0/2)^2 - (r_0(i)*a_0/2)^2 +
2*(x_0(i)^2)*a_0*(r_0(i) + a_0/2);
A_1(4) = 2*x_0(i)*(r_0(i)
a_0*x_0(i)*(r_0(i)^2);

+

a_0/2)*(hstar_1(i,k)^2)

A_1(5) = (x_0(i)^2)*(hstar_1(i,k)^2) - (r_0(i)^2)*(x_0(i)^2);
%A_1 = [A_1_1,A_2_1,A_3_1,A_4_1,A_5_1];
%force calculation
f_1_1 = [];

+

a_0*(x_0(i)^3)

-
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f_1_1 = [f_1_1 roots(A_1)];
f_h_prestress(i,k) = U_B/(a_0*N*0.5);
f_h(i,k) = (f_1_1(4,:))'+ f_h_prestress(i,k);%f_1_1(4:,) is the real and positive root of the
above solved 4th order equation
tan_b_1(i,k) = (y_0(i) - deltatilde_1(i,k))/(x_0(i) + f_h(i,k)/2);
f_v(i,k) = 2*f_h(i,k)*tan_b_1(i,k)*max(tan_b_1(i,k),0)/tan_b_1(i,k);
if k == 1
F_V_total_loop(i) = f_v(i,k);
F_H_total_loop(i) = f_h(i,k);
else
F_V_total_loop(i) = F_V_total_loop(i) + 2*f_v(i,k);
F_H_total_loop(i) = F_H_total_loop(i) + f_h(i,k);
end
end
end
% ABOVE CALCULATED F_V_total_loop IS NORMALIZED FORCE. REAL FORCE IS
% PROPORTIONAL TO a_0^2*NORMALIZED FORCE.
F_V_total = (a_0^2)*(F_V_total_loop');
F_H_total = (a_0^2)*(F_H_total_loop');
% PEAK FORCE AND DEFLECTION AT PEAK FORCE
delta_star = 0;
F_star = 0;
% CALCULATING PEAK FORCE AND WORK DONE
for i=2:incmax
if F_V_total(i) > F_V_total(i-1)
% PEAK FORCE AND DEFLECTION AT PEAK FORCE
delta_star = delta(i);
F_star = F_V_total(i);
end
W = W + 0.5*(F_V_total(i) + F_V_total(i-1))*(delta(i)-delta(i-1));
end
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%POST-PROCESSING
% figure();
% %Plotting each cross-sections contributions to vertical reaction force
% for k=1:(N-1)/2 % Loop in the cross-sections starts here
%
plot(delta,(a_0^2)*f_v(:,k)); % ABOVE CALCULATED f_v IS NORMALIZED FORCE.
%REAL FORCE IS PROPORTIONAL TO a_0^2*NORMALIZED FORCE.
%

hold all;

% end
% plot(delta,F_V_total);
% hold off;
% figure();
plot(delta,F_V_total);
hold all;
plot(delta,F_H_total);
% hold off;
% figure();
% for k=1:(N-1)/2 % Loop in the cross-sections starts here
%

plot(delta,tan_b_1(:,k));

%

hold all;

% end
% hold off;

C.2. Actuated Constraints For Variable Stiffness Energy Absorption
The following code is for TIM assemblies with active constraint.
_________
%function Section_P_i(a_0,x_0, y_0, deltatilde_1)
%Basic input quantities defined
a_0 = 25;
N = 7;
%CONTROL PARAMETERS
U_B(1) = 0.0; % Boundary displacement
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U_B_Fhcontrol(1) = U_B(1);
F_max = 19.6909; %76.1382 is the F_max for the zero prestress case from MATLAB code for
%7x7, a0=25
% If 76.1832 corresponds to peak force, F* = 116N from R68 of Solid Drop
% towers, then for F_physical, F_matlab = F_physical*76.1382/116
% Thus, F_matlab(F_physical=45)=29.5364, F_matlab(F_physical=30)=19.6909, and,
% F_matlab(F_physical=20)=13.1273
delta_max = 40.0;
% Length Parameters
L_0(1) = 0.5*(N - 2)*(a_0/2)*(1 - U_B(1)/(a_0*N*0.5));
H_e(1) = ((3^0.5)/4)*a_0;
x_0(1) = L_0(1) + H_e(1)*cos(55*pi/180);
y_0(1) = H_e(1)*sin(55*pi/180) + a_0/(2*2^0.5);
r_0(1) = (x_0(1)^2 + y_0(1)^2)^0.5;
% Final deflection at which the system will fail
delta_final = (N+1)*a_0/(4*2^0.5);
% Increments
incmax = 1000;
deltainc = delta_final/incmax;
%Initializing U_B
for i=2:incmax
U_B(i) = U_B(1);
U_B_Fhcontrol(i) = U_B(i);
end
% Force initialization
F_V_total = [0];
F_H_total = [0];
F_V_total_loop = [0];%only for loops
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F_H_total_loop = [0];%only for loops
% Work initialization
W = 0;
% Matrix Initializations before force calculations
for k=1:(N-1)/2 % Loop in the cross-sections starts here
f_h(1,k) = 0;
f_v(1,k) = 0;
delta(1,k) = 0;
F_V_total_loop(1,k) = 0;
end
% CHECK VARIABLE
check(1) = 0;
% ANALYSIS LOOP
n=0;
critdel =[0];
for i=2:incmax % loop for each deflection increment starts here
if ((a_0^2*F_V_total_loop(i-1)-F_max) > 0)
n=n+1;
critdel(n)=(i-1)*deltainc;
U_B(i) = U_B(i-1)-0.02;
check(i) = i;
else
U_B(i) = U_B(i-1);
end;
U_B_Fhcontrol(i) = U_B(i);
L_0(i) = 0.5*(N - 2)*(a_0/2)*(1 - U_B(i)/(a_0*N*0.5));
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H_e(i) = ((3^0.5)/4)*a_0;
x_0(i) = L_0(i) + H_e(i)*cos(55*pi/180);
y_0(i) = H_e(i)*sin(55*pi/180) + a_0/(2*2^0.5);
r_0(i) = (x_0(i)^2 + y_0(i)^2)^0.5;
for k=1:(N-1)/2 % Loop in the cross-sections starts here
delta(i,k) = i*deltainc; % applied displacement
%parameters specific to each cross-section
%parameters specific to each increment
deltatilde_1(i,k) = delta(i,k)*((N + 1)/2 -(k - 1))/((N + 1)/2); %deflection in the cross-section
hstar_1(i,k) = (x_0(i)^2 + (y_0(i) - deltatilde_1(i,k))^2)^0.5;
% Coefficients of the fourth order equation for the given state
A_1(1) = (r_0(i) + a_0/2)^2*(a_0/2)^2;
A_1(2) = 2*x_0(i)*(a_0/2)^2*(r_0(i) + a_0/2) + x_0(i)*a_0*(r_0(i) + a_0/2)^2;
A_1(3) = ((r_0(i) + a_0/2)^2)*(hstar_1(i,k)^2) + (x_0(i)*a_0/2)^2 - (r_0(i)*a_0/2)^2 +
2*(x_0(i)^2)*a_0*(r_0(i) + a_0/2);
A_1(4) = 2*x_0(i)*(r_0(i)
a_0*x_0(i)*(r_0(i)^2);

+

a_0/2)*(hstar_1(i,k)^2)

+

a_0*(x_0(i)^3)

-

A_1(5) = (x_0(i)^2)*(hstar_1(i,k)^2) - (r_0(i)^2)*(x_0(i)^2);
%A_1 = [A_1_1,A_2_1,A_3_1,A_4_1,A_5_1];
%force calculation
f_1_1 = [];
f_1_1 = [f_1_1 roots(A_1)];
f_h_prestress(i,k) = U_B(i)/(a_0*N*0.5);
f_h(i,k) = (f_1_1(4,:))'+ f_h_prestress(i,k);%f_1_1(4:,) is the real and positive root of the
above solved 4th order equation
tan_b_1(i,k) = (y_0(i) - deltatilde_1(i,k))/(x_0(i) + f_h(i,k)/2);
f_v(i,k) = 2*f_h(i,k)*tan_b_1(i,k)*max(tan_b_1(i,k),0)/tan_b_1(i,k);
if k == 1
F_V_total_loop(i) = f_v(i,k);
F_H_total_loop(i) = f_h(i,k);
else
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F_V_total_loop(i) = F_V_total_loop(i) + 2*f_v(i,k);
F_H_total_loop(i) = F_H_total_loop(i) + f_h(i,k);
end
end
end
%%%%%%%%%%%%%%%%%%%%%
%%%% NOW BEGINS REAL LOOP FOR CONTROLLING THE STIFFNESS AS
%%%REQUIRED WITH EVERYTHING THE SAME EXCEPT FOR THE "critdel" ARRAY
%%%% WHICH WILL BE USED TO CONTROL STIFFNESS
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
K = 0*(76.1382/116.0); % REQURED STIFFNESS has to be multiplied again by the calibration
factor % to get the stiffness matching the experimental force. Here required stiffness was = 0 and
hence
% 0*(76.1382/116.0).
U_B(1) = 0.0; % NEED TO BE SAME AS ABOVE
U_B_Fhcontrol(1) = U_B(1);
% Length Parameters
L_0(1) = 0.5*(N - 2)*(a_0/2)*(1 - U_B(1)/(a_0*N*0.5));
H_e(1) = ((3^0.5)/4)*a_0;
x_0(1) = L_0(1) + H_e(1)*cos(55*pi/180);
y_0(1) = H_e(1)*sin(55*pi/180) + a_0/(2*2^0.5);
r_0(1) = (x_0(1)^2 + y_0(1)^2)^0.5;
%Initializing U_B
for i=2:incmax
U_B(i) = U_B(1);
U_B_Fhcontrol(i) = U_B(i);
end
% Force initialization
F_V_total = [0];
F_H_total = [0];
F_V_total_loop = [0];%only for loops
F_H_total_loop = [0];%only for loops
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% Work initialization
W = 0;
% Matrix Initializations before force calculations
for k=1:(N-1)/2 % Loop in the cross-sections starts here
f_h(1,k) = 0;
f_v(1,k) = 0;
delta(1,k) = 0;
F_V_total_loop(1,k) = 0;
end
% CHECK VARIABLE
check1(1) = 0;
check2(1) = 0;
for i=2:incmax % loop for each deflection increment starts here
if (((i)*deltainc > critdel(1)))
if ((a_0^2*F_V_total_loop(i-1)-F_max)/((i-1)*deltainc-critdel(1)) > 1.05*K)
U_B(i) = U_B(i-1) - 0.02;
check1(i) = i;
%

elseif ((a_0^2*F_V_total_loop(i-1)-F_max)/((i-1)*deltainc-critdel(1)) < 0.95*K)

%

U_B(i) = U_B(i-1) + 0.02;

%

check2(i) = i;
else U_B(i) = U_B(i-1);
end
end;
U_B_Fhcontrol(i) = U_B(i);
L_0(i) = 0.5*(N - 2)*(a_0/2)*(1 - U_B(i)/(a_0*N*0.5));
H_e(i) = ((3^0.5)/4)*a_0;
x_0(i) = L_0(i) + H_e(i)*cos(55*pi/180);
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y_0(i) = H_e(i)*sin(55*pi/180) + a_0/(2*2^0.5);
r_0(i) = (x_0(i)^2 + y_0(i)^2)^0.5;
for k=1:(N-1)/2 % Loop in the cross-sections starts here
delta(i,k) = i*deltainc; % applied displacement
%parameters specific to each cross-section
%parameters specific to each increment
deltatilde_1(i,k) = delta(i,k)*((N + 1)/2 -(k - 1))/((N + 1)/2); %deflection in the cross-section
hstar_1(i,k) = (x_0(i)^2 + (y_0(i) - deltatilde_1(i,k))^2)^0.5;
% Coefficients of the fourth order equation for the given state
A_1(1) = (r_0(i) + a_0/2)^2*(a_0/2)^2;
A_1(2) = 2*x_0(i)*(a_0/2)^2*(r_0(i) + a_0/2) + x_0(i)*a_0*(r_0(i) + a_0/2)^2;
A_1(3) = ((r_0(i) + a_0/2)^2)*(hstar_1(i,k)^2) + (x_0(i)*a_0/2)^2 - (r_0(i)*a_0/2)^2 +
2*(x_0(i)^2)*a_0*(r_0(i) + a_0/2);
A_1(4) = 2*x_0(i)*(r_0(i)
a_0*x_0(i)*(r_0(i)^2);

+

a_0/2)*(hstar_1(i,k)^2)

+

a_0*(x_0(i)^3)

-

A_1(5) = (x_0(i)^2)*(hstar_1(i,k)^2) - (r_0(i)^2)*(x_0(i)^2);
%A_1 = [A_1_1,A_2_1,A_3_1,A_4_1,A_5_1];
%force calculation
f_1_1 = [];
f_1_1 = [f_1_1 roots(A_1)];
f_h_prestress(i,k) = U_B(i)/(a_0*N*0.5);
f_h(i,k) = (f_1_1(4,:))'+ f_h_prestress(i,k);%f_1_1(4:,) is the real and positive root of the
above solved 4th order equation
tan_b_1(i,k) = (y_0(i) - deltatilde_1(i,k))/(x_0(i) + f_h(i,k)/2);
f_v(i,k) = 2*f_h(i,k)*tan_b_1(i,k)*max(tan_b_1(i,k),0)/tan_b_1(i,k);
if k == 1
F_V_total_loop(i) = f_v(i,k);
F_H_total_loop(i) = f_h(i,k);
else
F_V_total_loop(i) = F_V_total_loop(i) + 2*f_v(i,k);
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F_H_total_loop(i) = F_H_total_loop(i) + f_h(i,k);
end
end
end
% ABOVE CALCULATED F_V_total_loop IS NORMALIZED FORCE. REAL FORCE IS
% PROPORTIONAL TO a_0^2*NORMALIZED FORCE.
F_V_total = (a_0^2)*(F_V_total_loop');
F_H_total = (a_0^2)*(F_H_total_loop');
% PEAK FORCE AND DEFLECTION AT PEAK FORCE
delta_star = 0;
F_star = 0;
% CALCULATING PEAK FORCE AND WORK DONE
for i=2:incmax
if F_V_total(i) > F_V_total(i-1)
% PEAK FORCE AND DEFLECTION AT PEAK FORCE
delta_star = delta(i);
F_star = F_V_total(i);
end
W = W + 0.5*(F_V_total(i) + F_V_total(i-1))*(delta(i)-delta(i-1));
end
% POST-PROCESSING
% figure();
% %Plotting each cross-sections contributions to vertical reaction force
% for k=1:(N-1)/2 % Loop in the cross-sections starts here
%
%
plot(delta,(a_0^2)*f_v(:,k)); % ABOVE CALCULATED f_v IS NORMALIZED FORCE.
%REAL FORCE IS
%

% PROPORTIONAL TO a_0^2*NORMALIZED FORCE.

%

hold all;

% end
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% plot(delta,F_V_total);
% hold off;
% figure();
hold all;
plot(delta,F_V_total);
plot(delta,F_H_total);
%hold off;
U_B_control=U_B';
% plot(delta,U_B_control);
% figure();
% for k=1:(N-1)/2 % Loop in the cross-sections starts here
%
%

plot(delta,tan_b_1(:,k));

%

hold all;

% end
%
% hold off;
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